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ABSTRACT 

In this thesis, using running leg model, co-design method will be suggested. This 

method will show hardware optimization considering software parameter. Using 

nondominated sort genetic algorithm II, K-means clustering, and pre-knowledge, 

optimization was performed. NSGA II is nonlinear global search method to find global 

minimum. Initializing population, evaluation, selection, crossover, and mutation are basic 

principles to avoid local minimum for multi objective function optimization problems. K-

means clustering is method to extract important feature or compress data. Pre-knowledge is 

used to suggest evaluation equation using intuitive method about stability and performance. 

System validation was performed to validate suggested optimization process and find 

important design parameter. Using calculated design parameter, Conforming validation of 

design parameters was also performed, and hypothesis supported considering hardware and 

software simultaneously, and optimizing robot leg hardware could help controller in semi 

parallel design process. Though used method and model were simple and restrict, it showed 

support for importance of co-design using design parameter of running robot leg. 

 
Keywords: Optimization, Co-design, spring-mass model, Nondominated sort genetic 

algorithm (NSGA) II, K-means clustering 
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1. INTRODUCTION 

1.1 Background 

These days, researching legged robot is very active, because legged robot has more 

dexterity, mobility and efficiency than wheel type robot at rough environment. And this legged 

robot is applied to not only robot platform for transportation(Bigdog) [1], 

reconnaissance(Octoroach) [2] and scientific research(RHex) [3] but also tool for doing 

rehabilitation and understanding human locomotion. Explaining rehabilitation and 

understanding human locomotion more, Samuel et al. designed powered angle foot prosthesis 

to assist in ground and stair [4]. Commercial prosthetic foot was passive, so a lot of problems 

occurred. They introduced EMG driven automatic ankle and showed potential of prosthetic leg 

controllers which use neural signals. Pratt designed exoskeleton device for enhancing strength 

and endurance during walking [5]. They said it could help hikers who wanted to go further or 

someone who hard to do exercise or need to do rehabilitation. Ekkelenkamp et al. introduced 

rehabilitation aid device which can select control of gait function [6]. They constructed virtual 

model control and used it for active role of patient. This method suggested promising method 

to patient who need to require rehabilitation therapy. Collins who had interest in walking 

researched dynamics of walking to help understand how legs work [7]. This research focused 

on locomotion of leg and analyzed energetics and stability, further, he researched methods to 

improve prosthetic foot. As legged robot research developed, energy and control problem also 

rose because of high dimensionality and difficulty of maintaining stability. To overcome energy 

and control problems and understand walking and running, Mcgeer suggested passive bipedal 

walking and running robot [8, 9]. Not using actuator but gravity, he made walking and running 

robot and analyzing designed robot to understand stability, energy dissipation, and control 

method in walking and running locomotion. Alexander also suggested solely that using spring 
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passive walker or runner was theatrically same with passive walker which suggested by 

McGeer [10]. This robot saves energy in spring and makes useful motion like passive walker. 

Linde also used spring concept in walking [11]. One thing different with Alexander’s was 

adjustable spring. He used pneumatic actuator to make adjustable spring, McKibben actuators. 

He could make very effective robot which could adjust their spring constant in given 

environment. Using suggest research, Wisse et al. combined passive walker and mckibben 

muscles to make very effective walking robot which consumed a level of energy which is not 

bad compared with human [12]. To understand walking and running systematically, Blickhan, 

Seyfarth, and Geyer et al. used spring mass model [13], and spring mass was very effective to 

explain running, hopping and trotting. Farley et al found that spring mass model described and 

predicted animal’s locomotion effectively [14]. We’ve already known that animal and human 

use elastic element such as muscles, tendons, and bones. Using bio-inspired approach, 

compliant legged robot has been suggested to solve energy and control problems.  

 

1.2 Objective and Problem 

A lot of compliant legged robots for running were suggested. Ahmadi and Buehler 

suggested control strategy for monopod robot [15]. Suitable spring selection and initial 

conditions were selected to make system as possible as close to desired motion. And to stabilize 

legged robot, they conducted finding initial condition of stance phase of legged robot to control 

in unforced response. After this research, Ahmadi and Buehler applied their control strategy to 

legged robot, ARL Monopod II. They named their control strategy controlled passive dynamic 

running strategy (CPDF) [16]. Results showed good energy efficiency comparing with other 

robots’ specific resistance (power consumption over mass time gravity time robot forward 

speed [17]). Compliant leg was also applied in quadruped robot for running by Fumiya et al. 
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[18]. They controlled robot using very simple controller, oscillatory position control. They 

didn’t used sensory feedback but they could control stability and velocity using compliant leg 

property. Poulakakis et al also made untethered quadrupedal running robot, Scount II [19]. This 

robot didn’t show better efficiency than ARL Monopod II, but it was untethered robot. They 

controlled their robot using two phase control, and showed that maintaining stable state and 

performing dexterous tasks could be archived by simple control rules. As you can see, we can 

find common characteristic in given robots which use compliance leg. Because they want to 

use as possible as few actuator and make smooth locomotion, they designed their controller to 

follow passive dynamics. It was studied that proper initial condition, when flight and stance 

phase, could make passive locomotion for compliance robot, so controller was designed to find 

proper initial condition to maintain stability and reduce energy consumption [20]. However, 

strangely, there are no hardware optimization study for compliant legged robot. When they 

explained their robot design concept and suggested design parameter, they said they used bio 

inspired concept and proper hardware condition. Many researcher said we have to consider 

hardware and software simultaneously. We already know that biomorphic is good method. To 

understand and overcome awkwardness and control problems, a lot of researchers who study 

locomotion have tried to find solution using biomimetic. Because we and other animals 

perform very naturally locomotion such as walking, running and crawling and so on. And they 

found that locomotion is very complex process and need not only musculoskeletal system and 

external environment feedback but also mechanical preflexes or feedback [21]. This results 

show that natural system which does locomotion consider compatibility of hardware and 

software very precisely. Blickhan, Seyfarth, and Geyer et al. also said if we don’t consider 

hardware rules in locomotion systems, operation of system is very difficult or impossible even 

though there are very excellent controller. If we consider hardware and software in start point 

of design, it will reduce control and energetic problems and help durability [13]. Hurst et al. 
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highlighted that mechanical compoent have to be specialized for the task and designed like 

controller, because robot consist of not only electronics and software but also hardware [22].  

A lot of researchers have studied hardware to reduce software burden, but this is not the 

ultimate goal of optimization. To find best solution, we have to know all of hardware, software 

parameter, and environment parameters. We know that environment parameters are too various 

to cover, so we confine our system operation environment and don’t deal with disturbances and 

noises. Objective of this thesis is in figure 1. Our purpose is suggesting parameter of running 

leg robot which consider hardware and software simultaneously. In figure 1, there are hardware, 

software, and environment parameter diagram. These graphs mean their relationship. Many 

researchers try to expand hardware and software ability to cover various environment, and also 

try to expand hardware and software ability to cover each other’s ability. For example, 

Grishanina and Shklyarchuk suggested deformable airfoil section [23]. In unsteady oscillation, 

deformable airfoil can be used to analyze the aeroelastic system stability and calculate its 

dynamic response to gust loads. This paper shows hardware part can expand to software area. 

Using hardware, they found system equation which help control. Koepl et al. suggested 

adjustable leg length robot for covering impulse control [24]. Using software, they covered 

unexpected situation which can’t not covered by hardware. In this case, software part can 

expand to hardware area. Some region can be covered by hardware and software 

simultaneously, and some region can be covered by hardware or software only. Most researches 

focused on improving software ability, because it is easier to modify. We don’t need to consider 

hardware factor if software can cover all of problems. That must be very innovate if we don’t 

bind hardware design. However we already know that hardware has own rules and functions. 

In fact, software don’t exist without hardware. There must be some areas which cannot be dealt 

with software. The purpose of this paper is for suggesting idea to find optimized hardware 

parameter set which is compatible with controller and given environment condition. 
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1.3 Hypothesis 

To find optimized hardware parameter, idea is introduced. The model for optimization is 

spring mass model. Point mass is used and there are no inertia of leg. And there are no actuator 

except hip torque generator. Detail is described in method section. First, discrete state space 

equation for running robot is introduced. 

x(k + 1) = 𝐴𝐴𝑝𝑝ℎ𝑎𝑎𝑎𝑎𝑎𝑎_𝑖𝑖x(k) + Bu(k)H�x(𝑘𝑘)�   (1) 
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τ(k)H�x(𝑘𝑘)�   (2) 

Output parameter is same with state variable. State variable is x, y and θ, which is 

coordinates of mass point and attitude of leg. Matrix A is system matrix and matrix B is input 

matrix. H is heaviside function which values is determined by state variable. Equation 1 can be 

rewritten as equation 2. Input is hip rotation and this rotation affect only attitude of leg. System 

matrix is not invariant and not controllability when system phase matrix is flight phase. To find 

optimized this system, we need to design system to do desired action. To do this design, we 

need to reduce system to ideal system which don’t consider control. This action can be 

performed eliminating 𝜃𝜃 coordinate and substitute ideal parameter, α, angle of attack, which 

is used like hardware parameter and always satisfies desired value. In other word, robot leg 

always stance exact angle of attack. Then we can reduce system like below. 

�

𝑥𝑥
�̇�𝑥
𝑦𝑦
�̇�𝑦
� = 𝐴𝐴𝑝𝑝ℎ𝑎𝑎𝑎𝑎𝑎𝑎_𝑖𝑖x(k)     (3) 

This system is ideal system to find optimized solution parameter which is considered 

hardware and software parameter. In other words, problem reduced to finding parameter which 

satisfy natural frequency of spring mass leg model. Controllability will be included in hardware 
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parameter combination given equation. Figure 1 shows hypothesis of this paper. Figure 1a is 

current strategy when design compliant robot leg. Design parameter is chosen for appropriate 

passive dynamics and remain work is designing controller to make system stable. Hardware 

parameter is set, and controller is used to find optimal initial condition by adjusting inertia and 

spring constant using actuator. But using suggest idea, we can find optimal hardware parameter 

using system reduction. Figure 1b shows that we can find optimal hardware parameter to 

operate robot leg passively for given condition. Actually, parameter relationship for 

maintaining stable running was studied [25, 26]. But this research was focused on relationship 

between angle of attack and spring constant in unity mass and leg.  

When engineer design hardware and software, they usually consider design hardware 

first or used conventional hardware. After that they design software to cover given request or 

environment. This is described in figure 2a. This process is serial process. That process makes 

incompatibility between hardware and software. Because they don’t consider each other’s rule, 

system function is not optimized. To solve this problems, ideally, we have to consider hardware 

and software simultaneously in given condition. Basic concept of controller is add imaginary 

mass, spring, and damper to given system to get desired results, such as position, velocity, or 

acceleration in mechanics. When controller add imaginary element to hardware, we don’t know 

exactly how imaginary element effect to real element when system state variables are not 

decoupled. This makes incompatibility. To overcome these problems easily and intuitively, 

when design hardware and software, we just do consider simultaneously. Because it is more 

convenient to change system characteristic using software, using optimized hardware is 

realistic. It is described in figure 2b. These they some researchers try to develop some hardware 

which change physical property, but we will focus on semi-parallel method. To do this work, 

we will suggest semi-parallel optimization process and an example which support optimized 

hardware can cover some areas which cannot be covered by ideal software. In this paper, we 
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will consider not only angle of attack and spring constant relationship but also scale element 

and relationships of others. Consequently, two group will be used to support hypothesis, one is 

not optimized and the other is optimized. After that, limitation and future work will be 

discussed. 
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Figure 1. Hardware and software parameter relationship diagram in given environment 

This diagram shows hardware and software parameter relationship in given environment. Parameter yi, 
vx is given energy, initial y position and initial forward velocity. l0, m, and k are initial leg length, mass, 
and spring constant respectively. τ is hip rotation and α is angle of attack. Diagram means hardware 
and software have very close relationship to deal given environment. Many researchers try to expand 
hardware and software ability and also try to reduce hardware and software’s burden by expanding the 
other’s ability. However, modifying hardware has a lot of constraints and this leads that researcher focus 
on software modification. These days, many researchers find importance of hardware and try to find 
optimized hardware to reduce software burden and improve performance and self-stability. a) Current 
strategy when design compliant robot leg. Hardware parameter is also chosen considerably, but 
controller is usually main part to cover given condition. Hardware parameter is set, and 
controller is used to find optimal initial condition by adjusting inertia and spring constant using 
actuator. b) Suggested idea. We can find optimal hardware parameter using system reduction. 
Control input is substituted by constant parameter and can be dealt with hardware parameter. 
Figure 1b shows that we can find optimal hardware parameter to operate robot leg passively 
for given condition.  
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Figure 2. Optimization strategy to control plant 

Conventional approach to design system and suggesting approach to design close to ideal system. u is 
desired input, i is internal control input, and y is output of system. a) When engineers design system, 
they use conventional hardware platform or customized one which is considered by various 
constraints. The whole process is serial, so hardware and software cannot effect each other in first 
stage of designing. b) Suggested approach, which is ideal. If we can consider coupling effect in first 
stage in design and find optimized solution, we can give best result. In this process, however, we have 
limitation to adjust hardware parameter after fabrication, semi-parallel is suggested.  
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2. METHODS 

2.1 Leg behavior model 

Leg behavior model can be a good template to show limitation of non-optimized design. 

Explaining details, used model is point feet and performs running. Point feet model is for 

reducing complexity from feet, and running is for considering stability and performance. 

Walking is also can be a good example but double stance phase gives strong stability and this 

leads more robustness than running. To find more vivid effect of hardware parameter 

optimization, we used running locomotion. To sure what is point feet, walking, running and 

impact in this research, there are hypotheses [27].  

Robot with Point Feet Hypotheses 

The robot is assumed to be: 

HR1) comprised of N rigid links connected by N-1 ideal revolute joints (i.e. rigid and 
frictionless) to form a single open kinematic chain; furthermore each link has nonzero 
mass and its mass is distributed; 

HR2) planar, with motion constrained to the sagittal plane; 

HR3) bipedal, with two symmetric legs connected at a common point called the hip, 
and both leg ends are terminated in points; 

HR4) independently actuated at each of the N-1 ideal revolute joints; 

HR5) unactuated at the point of contact between the stance leg and ground. 

HR6) the model is expressed in N-1 body coordinates qb = (q1;⋯;qN-1) plus one 
absolute angular coordinate qN. 
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Gait Hypotheses for Walking  

HGW1) there are alternating phases of single support and double support; 

HGW2) during the single support phase, the stance leg end acts as an ideal pivot, that 
is, throughout the contact, it can be guaranteed that the vertical component of the 
ground reaction force is positive and that the ratio of the horizontal component to the 
vertical component does not exceed the coefficient of static friction; 

HGW3) the double support phase is instantaneous and the associated impact can be 
modeled as rigid contact; 

HGW4) at impact, the swing leg neither slips nor rebounds, while the former stance 
leg releases without interaction with the ground; 

HGW5) in steady state, the motion is symmetric with respect to the two legs; 

HGW6) in each step the swing leg starts form strictly behind the stance leg and is 
placed strictly in front of the stance leg at impact; and 

HGW7) walking is from left to right and takes place on a level surface. 

 

Gait Hypotheses for Running 

HGR1) there are alternating phases of single support, flight, and impact; 

HGR2) during the single support phase, the stance leg end acts as an ideal pivot, that 
is, in particular, throughout the contact, it can be guaranteed that the vertical 
component of the ground reaction force is non-negative and that the ratio of the 
horizontal component to the vertical component does not exceed the coefficient of 
static friction; 

HGR3) center of mass of the robot travels a nonzero horizontal distance during the 
flight phase; 

HGR4) the flight phase terminates with the former swing leg end impacting the ground; 

HGR5) at impact, the leg end neither slips nor rebounds; 

HGR6) in steady state, the motion over successive single support and flight phases is 
symmetric with respect to the two legs;  
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HGR7) running is from left to right and takes place on a level surface. 

 

Rigid Impact Model Hypotheses 

HI1) an impact results from the contact of the swing leg end with the ground; 

HI2) the impact is instantaneous; 

HI3) the impact results in no rebound and no slipping of the swing leg; 

HI4) in the case of walking, at the moment of impact, the stance leg lifts from the 
ground without interaction, while in the case of running, at the moment of impact, the 
former stance leg is not in contact with the ground; 

HI5) the externally applied forces during the impact can be represented by impulses; 

HI6) the actuators cannot generate impulses and hence can be ignored during impact;  

HI7) the impulsive forces may result in an instantaneous change in the robot’s 
velocities, but there is no instantaneous change in the configuration. 

 

In this research, we uses 1 segment leg and zero mass leg. Mass is in hip as point. 

Simulation followed upper hypotheses except mass hypothesis. To simulate running model, 

spring mass model is used. There are a lot of modified spring mass model and researchers have 

still tried to modify spring mass model. Using model in this thesis is from [25]. All condition 

suggested in [25] are followed. Seyfarth et al. suggest spring loaded inverted pendulum (SLIP) 

model or spring mass model and segmented leg model to analyze stable condition using spring 

constant or torsional constant and angle of attack. In this thesis, spring mass model was used 

to find optimized solution set which is compatible with ideal controller. In this model, ideal 

controller means angle of attack is perfectly controlled. Angle of attack is always exact constant 

value when leg contact ground, but this controller don’t require energy, because leg don’t have 
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rotational inertia. Also this parameter doesn’t affect mass and spring constant. It is very strange 

using ideal leg model, but this model which could find hardware and software rules very easily 

and explain running which was verified in [28]. In this reason system complexity is reduced, 

degree of freedom is reduced to 2 because leg attitude is deleted by controller which doesn’t 

affect mass and spring constant. System schematic is drawn in Figure 3a. There are no extra 

energy input, only initial energy maintains. Applied force is only gravity force. System 

dynamics is explained by two phase dynamics. First, when system is in the air, this system is 

in flight phase and dynamics is same with ballistic ball. Dynamic equation is just F=ma. Second, 

when system contact ground, system, as same as ballistic ball, turns into complex system. 

Given dynamic model uses perfectly inelastic collision and this condition cause energy loss. 

Then system must be fall down someday, but this system has spring element and this element 

store all of energy generated by kinetic energy and potential energy generated by gravity. If we 

uses restitution model, system cannot store energy into spring because we assume that within 

collision there are no displacement. This phenomenon make some problems. First, it is very 

difficult to calculate dynamic equation. Because dynamic model is so stiff. Restitution dynamic 

model need a lot of calculation time and resources. The most problem is that we can’t separate 

hardware and software or controller rules. As a results, addition force term is just Fleg which is 

generated by only spring and dynamics is F=ma+Fleg. To calculate closed dynamic equation, 

Lagrangian equation was used. To simulate running dynamic model, simulation flow chart was 

designed in figure 3b. First, set initial condition, such as mass, spring constant, and angle of 

attach and so on. Than we need to verify system phase, flight phase or stance phase. To verify 

phase, some condition rules are used. This condition is also from [25]. We know that if system 

tip is in the air, system is flight phase. Then we can find stance phase change condition. Flight 

to stance phase change condition is the time when mass y position is below y axis projection 

length of tilted leg: 𝑦𝑦 ≤ 𝑙𝑙0𝑠𝑠𝑠𝑠𝑠𝑠(𝛼𝛼). If system is in stance phase and leg length is longer than 
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initial leg length, phase is changed from stance to flight: 𝑙𝑙 > 𝑙𝑙0. This condition contain energy 

conservation. During stance phase, loss kinetic energy and potential energy generated by 

gravity is stored spring because of supported by given phase change condition. Using this 

condition we can find system phase. After determining system dynamics, our remaining work 

is tedious calculation, numerical integration to solve ordinary differential equation. To solve 

ODE, Runge-Kutta 4th other method was used, and time step was constant, 0.001s. Once mass 

position is calculated, we also know tip position by hardware constraints. Then we have to 

determine when iteration is halted. Four conditions are given as break conditions, step number, 

fall down, scuffing and assigned time. Halt condition each break condition is below: Step 

number >5, y<=0, stance-flight-stance series, assigned time 100s. Used unit is standard. Mass 

is [kg], Length is [m], time is [s] etc.  
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Figure 3. Leg behavior simulator 

To make running simulation simple spring mass model is used. a) This model dynamics can be 
divided two phases, flight and stance. These two dynamics show very different behavior. Flight phase 
is same with ballistic ball. This motion has parabolic trajectory. Stance phase adds Fleg term in flight 
phase dynamic equation. This term is generated by spring. Degree of freedom is 2 and collision is 
perfectly inelastic. b) Simulation flow chart can be clustered 3 groups. First, state verifying which is 
used to find system phase. Second, numerical integration of given ODE and finally, conform break 
condition when iteration is halted.  
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2.2 Genetic algorithms 

Genetic algorithms is classified as nonlinear global search optimization method. This 

algorithm is based on mechanics of biological evolution. John Holland, university of Michigan 

suggested genetic algorithm first in 1975 [29]. Holland developed genetic algorithm to 

understand the adaptive processes of natural systems and to design artificial systems which 

have robustness like natural systems. Using this idea, many researchers applied genetic 

algorithm their study and they modified genetic algorithm to solve more general problems. 

There are a lot of version of genetic algorithm, but basic principle is same and modified 

algorithms just add some idea to improve algorithm performance or reliability. Suggested 

concept code is below: 

 

Concept code of Genetic algorithm 

{ 

initialize population; 

evaluate population; 

while !Termination_Criteria 

{ 

select parents for reproduction; 

perform recombination and mutation; 

evaluate population; 

} 

} 
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The most important and basic things in genetic algorithm are evaluate population, selection, 

crossover, and mutation. There are a lot of methods to perform evaluate population, selection, 

crossover, and mutation. To make more stable and fast genetic algorithm, choosing methods 

and method parameter is very important.  

 If we use multi-objective function in genetic algorithm, a lot of problems will occur. 

Because genetic algorithm is very sensitive to parameter and method which consist of genetic 

algorithm. The most problems are high complexity of finding and sorting good solution, 

discarding good solution, and requiring fine tuning of algorithm’s parameter. Just one objective 

function is not difficult to find and sort good solution. We can see very easily which solution 

is good or bad, but situation is changed when more than 2 objective functions are used. Trade-

off phenomenon is occurred. To evaluate these problems, nondominated solution concept was 

introduced. To understand this concepts, we need to know domination. There is a solution set 

and we choose 2 solutions, 𝑥𝑥1 and 𝑥𝑥2. If 𝑥𝑥1 dominates 𝑥𝑥2, then two condition is needed. 

First, objective function value of 𝑥𝑥1 is equal to or smaller than 𝑥𝑥2 for all of given objective 

functions. Second, objective function value of 𝑥𝑥1 is smaller than 𝑥𝑥2 for at least one of given 

objective functions. Organizing using inequalities, 𝑓𝑓𝑖𝑖(𝑥𝑥1) ≤ 𝑓𝑓𝑖𝑖(𝑥𝑥2)  for all indices 𝑠𝑠 , and 

𝑓𝑓𝑗𝑗(𝑥𝑥1) < 𝑓𝑓𝑗𝑗(𝑥𝑥2) for at least one index 𝑗𝑗. If a solution don’t dominated by any solutions, then 

the solution be nondominated solution or pareto solution. Using this concept, Deb et al. 

suggested fast nondominated sorting method and crowding distance concept to eliminate 

sharing parameter which was very delicate in calculation [30]. The core concepts of 

nondominated soring genetic algorithm II is two ideas, fast non dominated sort and crowding 

distance assignment. Next is pseudo code of fast non dominated sort from [30]. 
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Fast nondominated sort (P) 

for each p ∈  P 
 𝑆𝑆𝑝𝑝= ∅ 
 𝑠𝑠𝑝𝑝= 0 
 for each q ∈  P 
  if (p≺q) then  
   𝑆𝑆𝑝𝑝= 𝑆𝑆𝑝𝑝 ∪ {q} 
  else if (q≺ p) then  
   𝑠𝑠𝑝𝑝= 𝑠𝑠𝑝𝑝+1 
 if 𝑠𝑠𝑝𝑝=0 then 
  𝑝𝑝𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟=1 
  ℱ1 = ℱ1 ∪ {p} 
𝑠𝑠 = 1 
while ℱ𝑖𝑖 ≠ ∅ 
 𝑄𝑄 = ∅ 
 for each p ∈  ℱ𝑖𝑖 
  for each q ∈ 𝑆𝑆𝑝𝑝 
   𝑠𝑠𝑞𝑞= 𝑠𝑠𝑞𝑞 −1 
   if  𝑠𝑠𝑞𝑞= 0 then  
    𝑞𝑞𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟= 𝑠𝑠 + 1 
    𝑄𝑄 = 𝑄𝑄 ∪ {q} 
 𝑠𝑠 = 𝑠𝑠 +1 
 ℱ𝑖𝑖 = 𝑄𝑄 
 

This code is very simple but very powerful to reduce calculation time. Using this code, 

complexity of calculation is reduced from cubic order to second order about given population.  

To perform fast non dominated sorting, we need to find first front group, which is 

nondominated by any solutions. During find first front, fast nondominated sort method count 

each solution how many times dominated. Using this count, low quality soultions are assigned. 

Normally, we have to compare with solutions except high quality solutions when find low 

quality solutions, this method eliminates comparison using dominated count number. The 

results can see in figure 4a. Each dots have their rank. That number means their solution quality. 

Let’s try to find rank of a dot. We choose first dot, ret dot from y axis, and now compare 

objective function value with other dots except chosen dot. We found that chosen dot has the 

smallest value in objective function 1, but has the highest value in objective function 2. Using 
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this fact, we can find that there are no solution to dominate chosen solution, so this solution is 

assigned to first front, first rank. Crowding distance assignment is also very simple idea. Next 

is pseudo code of Crowding distance assignment from [30]. 

 

Crowding distance assignment (𝐿𝐿) 

𝑙𝑙 = |𝐿𝐿| 

for each 𝑠𝑠, set L[𝑠𝑠] 𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎=0  

for each objective m 

  𝐿𝐿=sort(𝐿𝐿, m) 

  L[1] 𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎=L[𝑙𝑙] 𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎=∞ 

 for 𝑠𝑠 = 2 to (𝑙𝑙-1) 

  L[𝑠𝑠] 𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎 =L[𝑠𝑠] 𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎 + L[𝑖𝑖+1].𝑚𝑚+L[𝑖𝑖−1].𝑚𝑚
𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

  

Code looks a little complex but inside content is very simple. Content is also described in figure 

4b. Explaining code, in the beginning, all distance of each solution set 0. After sorting solution 

using objective value, set infinite of boundary point’s crowding distance. These action means 

boundary solutions have priority because they can give diversity to genetic algorithm. 

Crowding distance of other solutions is calculated by Euclidian distance. In figure 4b, we can 

notice intuitively that crowding distance is sum of distance from back and forth solution’s 

distance along given objective axis. Using this concept, NSGA II can get rid of sharing 

parameter and give diversity to solution set. Now we are ready to evaluate population. When 

NSGA II do comparison, there are some method. Because we calculate two values, rank and 

crowding distance, we need to some rules to avoid confusion. Crowded comparison operator 

was introduced. Next is pseudo code of crowded comparison operator from [30]. 
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Crowded comparison operator 

𝑠𝑠 ≺𝑟𝑟 𝑗𝑗  

if 𝑠𝑠𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟 < 𝑗𝑗𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟 

or 𝑠𝑠𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟 = 𝑗𝑗𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟 

and 𝑠𝑠𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎 > 𝑗𝑗𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎 

 

Briefly explaining, lower rank is more valuable and if rank is same, then bigger crowding 

distance is valuable. As a results, NSGA II is operated by below procedure. In figure 4c, we 

can see basic principle of genetic algorithm. Next is pseudo code of NSGA II procedure from 

[30]. 

 

NSGA II procedure 

for t ≤ setting-generation 

𝑅𝑅𝑑𝑑 = 𝑃𝑃𝑑𝑑 ∪ 𝑄𝑄𝑑𝑑 

ℱ=fast non-dominated-sort(𝑅𝑅𝑑𝑑) 

𝑃𝑃𝑑𝑑+1 = ∅ and 𝑠𝑠 = 1 

until |𝑃𝑃𝑑𝑑+1| + |ℱ𝑖𝑖| ≤  N 

 crowding-distance-assignment(ℱ𝑖𝑖) 

 𝑃𝑃𝑑𝑑+1=𝑃𝑃𝑑𝑑+1 ∪   ℱ𝑖𝑖 

 𝑠𝑠 = 𝑠𝑠 +1 

Sort(ℱ𝑖𝑖, ≺𝑟𝑟) 

𝑃𝑃𝑑𝑑+1= 𝑃𝑃𝑑𝑑+1 ∪   ℱ𝑖𝑖[1:(N-|𝑃𝑃𝑑𝑑+1|)] 

𝑄𝑄𝑑𝑑+1= make-new-pop(𝑃𝑃𝑑𝑑+1) 

𝑡𝑡 = 𝑡𝑡 +1 
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First, initialize population. After that, evaluate rank. Iteration is executed from row rank 

number set and calculated crowding distance. When fill next generation parent with sorted 

population, crowded comparison operator is used and after next generation parent is fulfilled, 

NSGA II make new pop using selection, crossover and mutation. In this thesis, real number 

code is used. To explain NSGA II, Figure 4 is redrawn using [30]. Selection is binary 

tournament (k=2). Pseudo code is below.  

 

function tournament_selection(pop, k): 

    best = null 

    for i=1 to k 

        ind = pop[random(1, N)] 

        if (best == null) or fitness(ind) > fitness(best) 

            best = ind 

    return best  

 

This code is for choosing two parent for crossover. In this function, they choose randomly 2 

solution and choose better one. This process is relate to diversity. Crossover is performed by 

intermediate crossover method. Calculation method is below. 

 

child1 = parent1 + rand×ratio×(parent2 - parent1)  

child2 = parent2 − rand×ratio×(parent2 - parent1) 
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Using two solution, two child is generated. Rand is a values between 0 and 1. Ratio is 1.2. 

Mutation is performed by Gaussian mutation. Calculation method is below.  

scale = scale - shrink * scale * state.currentGen / opt.maxGen;  

scale = scale * (ub - lb); 

child.var(i) = parent.var(i) + scale(i) * randn(); 

 

Scale is 0.1 and shrink is 0.5. Mutation is generated by plus a number which is scale cross 

Gaussian distribution random number. Scale is adaptive along process. If process is in early 

stage, scale is big to converge or escape local minimum. If process is in late stage, scale is small 

to avoid divergence or overshooting.  
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Figure 4. Core concepts of nondominated sorting genetic algorithm II  

Core concepts of NAGA II are fast nondominated sort and crowding distance. figures are a) This figure 
means rank concept. Detail calculation method of assign rank is in body. Simply explaining, first find 
first front which is not dominated by any solutions. Using the other except first front, performing 
assignment calculation until all of solution have rank. b) This figure explaining crowding distance 
concept. Crowding distance is very simple, just Euclidian distance. We can just measure distance by 
calculate objective value of back and forth solutions. Black dots are in a front set. Boundary dots are 
assigned as references to give diversity. Except bound dots, 1 and l th dots, calculate Euclidian distance 
of i th dot. c) Whole procedure of NSGA II. Procedure is same with normal genetic algorithm, except 
fast nondominated sort and crowding distance. Detail is in body. Using parent, Pt of generation t, 
generate offspring Qt. Using fast nondominated sort, sort population as front set Fi. To make new parent, 
reject low quality solution using crowded comparison operator. Then t th procedure is over. Iterate until 
reach given criteria. 
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2.3 K-means clustering 

K-means clustering is unsupervised learning method to classify given data. This 

algorithm is very simple and intuitive. There are a lot clustering method using modified K-

means clustering. In this thesis, K-means clustering is used to cluster phase space data and 

extract and compress important data from a lot of data. Loss function of K-means clustering is 

Euclidian distance between centers and samples. Basic procedure is explained below [31]. 

1. Choose initial centers from random values or samples. 

(In this research, random values are used.) 

2.  Make cluster sets. Samples are assigned to the nearest cluster set. 

3. Calculate centroid of each clusters. 𝑐𝑐𝑗𝑗=
∑ 𝑢𝑢(𝑖𝑖)𝑚𝑚∈𝑆𝑆𝑗𝑗

𝑁𝑁𝑗𝑗
 

(c cluster vector, S cluster set, u sample set, i sample index, j cluster index) 

4. Go to 2. until centers don’t move. If centers don’t move, then stop iteration. 

In figure 5, procedures are described in image. Figure 5a is same with procedure 1. First, we 

have to choose initial centers. It is possible to choose random number or some samples as 

centers. In this thesis, random number is used to choose centers. Figure 5b is assigning process. 

Assignment is performed by Euclidian distance. Samples is included in nearest center point. 

Figure 5c is update process. We can update new position of center using centroid of clustered 

samples. Transparent color is old center and vivid color is updated color. After update centers, 

we just iterate this procedure until center don’t move or reach stop criteria. Though samples 

has 2 dimension in figure 5, K-means clustering can be applied n dimension problems. To 

explain K-means clustering, figure 5 is redrawn using Wikipedia information which is 

unknown user. In this thesis, the number of cluster is 100, and the number of limit iteration is 

50. 
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a) b)

d)c)

 

Figure 5. K-means clustering procedure 

This figure explains principle of K-means clustering. a) Choose centers to cluster given samples. Center 
can be random and sample of given data. Centers are color dots in this figure. b) Grouping samples 
using Euclidian distance. Grouping method is just assigning sample to the nearest cluster set. c) 
Updating centers. After grouping, center positions are updated using centroid of cluster set. Transparent 
color dots are old centers of group and vivid color dots are new centers of group. d) After updating, 
iterate this procedure until values are converged or setting criteria is archived. 
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2.4 Optimization process 

To find optimized hardware parameter set, some algorithm is needed. To get nonlinear 

global solution, NSGA II is used. To simulate leg behavior, spring mass model is used. To 

extract important feature and compress data, K-means clustering is used. Using these methods, 

optimization process is suggested. In figure 6, optimization flow chart is described. NSGA II 

makes design parameter vectors. Using this parameter vectors, we can simulate running 

behavior simulation. Usage data are 3, general coordinate, differential of general coordinate 

and times. Using these data, we can extract characteristic of model. To extract data, we use K-

means clustering, and to evaluate system characteristic, intuitive pre-knowledge is used. Two 

pre-knowledges are used for stability and performance. Stability of running leg has relative to 

periodicity. If periodicity don’t be maintained, system will be fail, fall down. This characteristic 

can be extracted y coordinate data. Performance of running in this model will be determined 

by times of flight, because there are no damping term. X direction velocity is always rebounded 

after stance phase. If x direction velocity increases, this situation means y direction energy 

changes into x direction energy and leads fall down, because given model is conservative. 

Using equations are below: 

f1= 
∑ (�𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎𝑟𝑟𝑚𝑚(𝑚𝑚)−𝑝𝑝𝑝𝑝𝑎𝑎𝑖𝑖𝑑𝑑𝑖𝑖𝑝𝑝𝑟𝑟𝑚𝑚(𝑚𝑚)�

2
+(𝑑𝑑𝑎𝑎𝑟𝑟𝑑𝑑𝑎𝑎𝑟𝑟_𝑦𝑦(𝑖𝑖)−𝑝𝑝𝑝𝑝𝑎𝑎𝑖𝑖𝑑𝑑𝑖𝑖𝑝𝑝𝑟𝑟_𝑦𝑦(𝑖𝑖))2)1/2𝑁𝑁

𝑚𝑚=1
𝑁𝑁

  (1) 

f2= −distance(1);       (2) 

These two equations are objective function which is used to evaluate simulated running model. 

f1 is mean distance from initial energy point to trajectory in phase space. N is the number of 

state of simulated model. f2 is x direction distance during 1s. To reject low quality solution fast, 

penalty function is introduced. If simulation time is less than 1s, system go to backward, and 

the number of step is less than 3, penalty is applied, objective function values is assigned as 10. 
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Figure 6. Optimization process to find optimized solution of spring mass running model 

This flow chart is basic process of optimization. Strategy is already explained in body, and there are a 
lot of strategy, which is explained in introduction. We just choose appropriate approach method to find 
optimized solution or need to develop or modify strategies. In this thesis, NSGA II is selected to find 
various and global solutions. Model is spring mass model. After population is initialized, designed 
parameter vector is loaded to spring mass simulator. Using design vector, spring mass model generate 
behavior results. Using these data, we evaluate how much running well or not. To evaluate running, K-
means clustering is used to extract and compress data. Using preprocessed data, pre-knowledges are 
used to evaluate given data. After evaluating, these evaluations is transferred to NSGA II to select better 
parents and crossover and mutation is performed to go to next generations.  
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3. RESULTS  

3.1 System validations. 

Four test was performed. First, optimization with two variables was performed to 

compare with researched paper. After that, optimization with three variables was performed 

twice by energy case. Using this simulation, we will find whether optimization solution is or 

not and relationship between 3 variables. Optimization with five variables was performed to 

find parameter tendency. Purpose is conforming that converged solutions when environment 

condition is not given. Using this results, we can find parameter relationship and determine 

parameter set in given environment. After that, using parameter set, we will show optimized 

hardware parameter is better than hardware parameter which doesn’t consider software 

parameter. 

 

3.1.1 System validations (1) – two variables 

To verify designed optimizing process, optimization begins from simple, two variables. 

Using spring constant and angle attack, we can find validation of this optimizing process. 

Because research which analyzed stability of spring mass system using spring constant and 

angle of attack exists [25]. If calculated solutions have same tendency like researched paper, 

we can sure this optimizing system can give validate results. Design parameters are two, spring 

constant and angle of attack, and the number of population is 200. The number of generation 

is 30. Spring constant is bounded 1 from 1000 N/m. Angle of attack is bounded from 0 to pi 

rad. Equation (1), (2) are used as objective function. Given parameters in spring mass model 

are mass, gravity acceleration, initial leg length, initial y position, and initial x direction velocity. 

Each values are 1 kg, 9.81 m/s2, 1 m, 2 m, and 5 m/s. Generation process is drawn in figure 7. 
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Solutions go to more and more below part as process progresses. Using generation 30, 

parameter relationship was drawn in figure 8. To confirm results more tangibly, 4 samples was 

chosen from parameter space to find characteristic. We can find that objective function 1 and 

objective function 2 are not independent from figure 8, so we don’t need to see trade off of 

objective function 1 and objective function 2. Because there are no means.  

Figure 9 parameter and objective function values are spring constant: 783.668 N/m, 

angle of attack: 1.3409 rad, objective function1 values: 0.02877, objective function 2 values: -

4.97971. Figure 10 parameter and objective function values are spring constant: 665.003 N/m, 

angle of attack: 1.3203 rad, objective function1 values: 0.028419, objective function 2 values: 

-4.97344. Figure 11 parameter and objective function values are spring constant: 508.62 N/m, 

angle of attack: 1.28645 rad, objective function1 values: 0.028811, objective function 2 values: 

-4.97539. 

Figure 12 parameter and objective function values are spring constant: 440.901 N/m, angle of 

attack: 1.26357 rad, objective function1 values: 0.028585, objective function 2 values: -

4.96707. All solutions shows stable state. One characteristic is that the smaller spring constant, 

the bigger y fluctuation. In the next case, initial leg length is included in parameter vector. 
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Figure 7. Genetic algorithm process to find optimized two variables combination 

As generation progresses, we can find pattern of solution in objective function space. There is no trade 
off pattern. This shows that objective function1 and objective function 2 are not independent. As 
generation grow up, solutions go to some points which have small objective function values. Therefore 
we can predict that a solution which shows stability also shows good performance and vice versa. 
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Figure 8. Parameter relationship graph of two variables simulation 

Spring constant and angle of attack shows some relationship. When angle of attack is chosen, then 
spring contestant is determined to maintain stability or give good performance. This result shows 
suggested optimization process has validation because this result is same with precedent research, 
though approach is different.   
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a) b)

c) d)

 

Figure 9. Sample 1 results of two variable optimization 

Sample 1 parameter and objective function values are spring constant: 783.668 N/m, angle of attack: 
1.3409 rad, objective function1 values: 0.02877, objective function 2 values: -4.97971. a) Displacement 
versus time. x displacement shows almost linear behavior, and y displacement shows almost sine wave 
behavior. b) y displacement versus x displacement. This graph combines two graph of displacement 
versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. Valley shape pattern 
means phase is stance. Because system is conservative, initial velocity is maintained after stance. d) 
Phase space of y. shape is closed, because y movement must have periodicity to maintain running. If 
shape is not close or diverse, system will be fall down.  
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a) b)

c) d)

 

Figure 10. Sample 2 results of two variable optimization 

Figure 10 parameter and objective function values are spring constant: 665.003 N/m, angle of attack: 
1.3203 rad, objective function1 values: 0.028419, objective function 2 values: -4.97344. a) 
Displacement versus time. x displacement shows almost linear behavior, and y displacement shows 
almost sine wave behavior. b) y displacement versus x displacement. This graph combines two graph 
of displacement versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. Valley 
shape pattern means phase is stance. Because system is conservative, initial velocity is maintained after 
stance. Difference with sample 1 is deeper valley shape. d) Phase space of y. shape is closed, because y 
movement must have periodicity to maintain running. If shape is not close or diverse, system will be 
fall down. Difference with sample 1 is larger range of x axis.  
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a) b)

c) d)

 

Figure 11. Sample 3 results of two variable optimization 

Figure 11 parameter and objective function values are spring constant: 508.62 N/m, angle of attack: 
1.28645 rad, objective function1 values: 0.028811, objective function 2 values: -4.97539. a) 
Displacement versus time. x displacement shows almost linear behavior, and y displacement shows 
almost sine wave behavior. b) y displacement versus x displacement. This graph combines two graph 
of displacement versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. Valley 
shape pattern means phase is stance. Because system is conservative, initial velocity is maintained after 
stance. Difference with sample 1, 2 is deeper valley shape. d) Phase space of y. shape is closed, because 
y movement must have periodicity to maintain running. If shape is not close or diverse, system will be 
fall down. Difference with sample 1, 2 is larger range of x axis, and y fluctuation decreases. 
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a) b)

c) d)

 

Figure 12. Sample 4 results of two variable optimization 

Figure 12 parameter and objective function values are spring constant: 440.901 N/m, angle of attack: 
1.26357 rad, objective function1 values: 0.028585, objective function 2 values: -4.96707. a) 
Displacement versus time. x displacement shows almost linear behavior, and y displacement shows 
almost sine wave behavior. b) y displacement versus x displacement. This graph combines two graph 
of displacement versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. Valley 
shape pattern means phase is stance. Because system is conservative, initial velocity is maintained after 
stance. Difference with sample 1, 2, and 3 is deeper valley shape. d) Phase space of y. shape is closed, 
because y movement must have periodicity to maintain running. If shape is not close or diverse, system 
will be fall down. Difference with sample 1, 2, and 3 is larger range of x axis.  
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3.1.2 System validations (2) – three variables (initial phase: flight) 

To find effect of initial leg length in spring mass model, initial leg length is added to 

design parameters. There is one thing to be caught, initial phase problems. If tip of leg is below 

zero because of initial length, initial phase starts from stance. To solve this problems, initial y 

position is divided by two cases, which make initial phase flight and stance. Though this action 

makes difference initial energy, parameter combination is more important in this thesis. To keep 

initial leg length, initial y position is changed. Design parameters are three, spring constant and 

angle of attack, and initial leg length. And the number of population is 200. The number of 

generation is 50. Spring constant is bounded 1 from 1000 N/m. Angle of attack is bounded 

from 0 to pi rad. Initial leg length is bounded from 0 to 2. Equation (1), (2) are used as objective 

function. Given parameters in spring mass model are mass, gravity acceleration, initial y 

position, and initial x direction velocity. Each values are 1 kg, 9.81 m/s2, 2 m, and 5 m/s. 

Optimized results are described as objective function space in figure 13. Unlike previous result, 

trade off tendency is found in figure 13. Solutions converged very well. To compare with 

characteristic of solutions, 4 clusters, #1, #2, #3, and #4 were determined intuitively and one 

parameter combination was extracted from each cluster set. Using generation 50, parameter 

relationship was drawn in figure 14. Basic pattern is same with figure 8, but characteristic is 

different along initial leg length.  

Figure 15 parameter and objective function values are spring constant: 515.179 N/m, 

angle of attack: 1.4075 rad, initial leg length: 2 m, objective function1 values: 0.026105, 

objective function 2 values: -4.98094. Figure 16 parameter and objective function values are 

spring constant: 929.051 N/m, angle of attack: 1.43412 rad, initial leg length: 1.7683 m, 

objective function1 values: 0.037252, objective function 2 values: -5.00255. Figure 17 

parameter and objective function values are spring constant: 858.848 N/m, angle of attack: 

1.40473 rad, initial leg length: 1.46603 m, objective function1 values: 0.060718, objective 
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function 2 values: -5.01056. Figure 18 parameter and objective function values are spring 

constant: 731.767 N/m, angle of attack: 1.40388 rad, initial leg length: 1.58419 m, objective 

function1 values: 0.083671, objective function 2 values: -5.01887. Unlike previous results, 

these results shows trade off characteristic relate to objective function. The smaller objective 

function 1, the more good stability show. The smaller objective function 2, the more good 

performance show.  
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#1
#2 #3 #4

 

Figure 13. Genetic algorithm process to find optimized three variables (initial phase: flight) 

As generation progresses, we can find pattern of solution in objective function space. Solutions go to 
specific shape, and that shape is discrete. There is also trade off pattern. This shows that objective 
function1 and objective function 2 have reciprocal relationship. Therefore we can predict that a solution 
which is included #1 shows good stability rather than a solution #4 but performance is low than #4. 
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a) b)

c) d)

 

Figure 14. Parameter relationship graph of three variables (initial phase: flight) 

Spring constant and angle of attack shows some relationship like previous result, figure 8. When angle 
of attack is chosen, then spring contestant is determined to maintain stability or give good performance. 
One thing deference is that relationship is changed along initial leg length. a) Spring constant versus 
angle of attack b) Angle of attack versus initial leg length c) 3d plot of spring constant, angle of attack, 
and initial leg length. This position also means isometric projection. d) Spring constant versus initial 
leg length. 
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a) b)

c) d)

 

Figure 15. A sample from cluster #1 results of three variables (initial phase: flight) optimization 
A sample from cluster #1 parameter and objective function values are spring constant: 515.179 N/m, 
angle of attack: 1.4075 rad, initial leg length: 2 m, objective function1 values: 0.026105, objective 
function 2 values: -4.98094. a) Displacement versus time. x displacement shows almost linear behavior, 
and y displacement shows almost sine wave behavior. b) y displacement versus x displacement. This 
graph combines two graph of displacement versus time of x and y. lines is trajectory of center of mass. 
Fluctuation is damped along time. c) Phase space of x. Valley shape pattern means phase is stance. 
Damped y direction energy is changed into x direction velocity. d) Phase space of y. shape is changed, 
because y movement is damped. Phase space of y is losing energy, and system will be fall down.  
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a) b)

c) d)

 

Figure 16. A sample from cluster #2 results of three variables (initial phase: flight) optimization 

A sample from cluster #2 parameter and objective function values are spring constant: 929.051 N/m, 
angle of attack: 1.43412 rad, initial leg length: 1.7683 m, objective function1 values: 0.037252, 
objective function 2 values: -5.00255. a) Displacement versus time. x displacement shows almost linear 
behavior, and y displacement shows almost sine wave behavior. b) y displacement versus x 
displacement. This graph combines two graph of displacement versus time of x and y. lines is trajectory 
of center of mass. Fluctuation is damped along time. Damping strength is stronger than figure 15b. c) 
Phase space of x. Valley shape pattern means phase is stance. Damped y direction energy is changed 
into x direction velocity. Increased magnitude is bigger than figure 15c. d) Phase space of y. shape is 
changed, because y movement is damped. Phase space of y is losing energy, and system will be fall 
down. Shrinking magnitude is bigger than figure 15d. 

- 41 - 



a) b)

c) d)

 

Figure 17. A sample from cluster #3 results of three variables (initial phase: flight) optimization 

A sample from cluster #3 parameter and objective function values are spring constant: 858.848 N/m, 
angle of attack: 1.40473 rad, initial leg length: 1.46603 m, objective function1 values: 0.060718, 
objective function 2 values: -5.01056 a) Displacement versus time. x displacement shows almost linear 
behavior, and y displacement shows almost sine wave behavior. b) y displacement versus x 
displacement. This graph combines two graph of displacement versus time of x and y. lines is trajectory 
of center of mass. Fluctuation is damped along time. Damping strength is stronger than figure 16b. c) 
Phase space of x. Valley shape pattern means phase is stance. Damped y direction energy is changed 
into x direction velocity. Increased magnitude is bigger than figure 16c. d) Phase space of y. shape is 
changed, because y movement is damped. Phase space of y is losing energy, and system will be fall 
down. Shrinking magnitude is bigger than figure 16d. 
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a) b)

c) d)

 

Figure 18. A sample from cluster #4 results of three variables (initial phase: flight) optimization 

A sample from cluster #4 parameter and objective function values are spring constant: 731.767 N/m, 
angle of attack: 1.40388 rad, initial leg length: 1.58419 m, objective function1 values: 0.083671, 
objective function 2 values: -5.01887. a) Displacement versus time. x displacement shows almost linear 
behavior, and y displacement shows almost sine wave behavior. b) y displacement versus x 
displacement. This graph combines two graph of displacement versus time of x and y. lines is trajectory 
of center of mass. Fluctuation is damped along time. c) Phase space of x. Valley shape pattern means 
phase is stance. Damped y direction energy is changed into x direction velocity. d) Phase space of y. 
shape is changed, because y movement is damped. Phase space of y is losing energy, and system will 
be fall down. In this case, energy change speed was very fast, so this model failed to step forward. 
Because, restituted y was so small to recover angle of attack. As a result, scuffing was occurred. 
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3.1.3 System validations (3) – three variables (initial phase: stance) 

To find effect of initial leg length in spring mass model, initial leg length is added to 

design parameters. This validation is second case, which phase starts from stance. Actually, 

boundary of initial leg length can make flight phase start, if initial leg length is smaller than 

sinα, objective function prefers additional energy to go further. This action make different 

phenomenon unlike system validation (2). Design parameters are three, spring constant and 

angle of attack, and initial leg length. And the number of population is 200. The number of 

generation is 50. Spring constant is bounded 1 from 1000 N/m. Angle of attack is bounded 

from 0 to pi rad. Initial leg length is bounded from 0 to 2. Equation (1), (2) are used as objective 

function. Given parameters in spring mass model are mass, gravity acceleration, initial y 

position, and initial x direction velocity. Each values are 1 kg, 9.81 m/s2, 1 m, and 5 m/s. 

Optimized results are described as objective function space in figure 19. Like previous result, 

trade off tendency is found in figure 19. Solutions converged very well. To compare with 

characteristic of solutions, 4 clusters, #1, #2, and #3 were determined intuitively and one 

parameter combination was extracted from each cluster set. Using generation 50, parameter 

relationship was drawn in figure 20. Basic pattern is same with figure 8, and almost same along 

initial leg length unlike system validation (2). 

Figure 21 parameter and objective function values are spring constant: 354.829 N/m, 

angle of attack: 1.24524 rad, initial leg length: 1.12674 m, objective function1 values: 0.032823, 

objective function 2 values: -5.2101. Figure 22 parameter and objective function values are 

spring constant: 488.121 N/m, angle of attack: 1.31557 rad, initial leg length: 1.52713 m, 

objective function1 values: 0.063273, objective function 2 values: -6.14611. Figure 23 

parameter and objective function values are spring constant: 432.666 N/m, angle of attack: 

1.31557 rad, initial leg length: 1.64054 m, objective function1 values: 0.166238, objective 
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function 2 values: -6.36898. Calculated results show that appropriate parameter combination 

exists to maintain system stability. Except #1 cluster, the other are almost fail solutions.  
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#1

#2 #3

 

Figure 19. Genetic algorithm process to find optimized three variables (initial phase: stance) 

As generation progresses, we can find pattern of solution in objective function space. Solutions go to 
specific shape, and that shape is discrete. There is also trade off pattern. This shows that objective 
function1 and objective function 2 have reciprocal relationship. Therefore we can predict that a solution 
which is included #1 shows good stability rather than a solution #3 but performance is low than #3. 
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a) b)

c) d)

 

Figure 20. Parameter relationship graph of three variables (initial phase: stance) 

Spring constant and angle of attack shows some relationship like previous result, figure 8. When angle 
of attack is chosen, then spring contestant is determined to maintain stability or give good performance. 
In this simulation, along initial leg length, spring constant and angle of attack condition is conversed 
very well than system validation (2). a) Spring constant versus angle of attack b) Angle of attack versus 
initial leg length c) 3d plot of spring constant, angle of attack, and initial leg length. This position also 
means isometric projection. d) Spring constant versus initial leg length. 
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a) b)

c) d)

 

Figure 21. A sample from cluster #1 results of three variables (initial phase: stance) optimization 

A sample from cluster #1 parameter and objective function values are spring constant: 354.829 
N/m, angle of attack: 1.24524 rad, initial leg length: 1.12674 m, objective function1 values: 
0.032823, objective function 2 values: -5.2101. a) Displacement versus time. x displacement shows 
almost linear behavior, and y displacement shows almost sine wave behavior. b) y displacement versus 
x displacement. This graph combines two graph of displacement versus time of x and y. lines is 
trajectory of center of mass. Fluctuation is damped along time. c) Phase space of x. Valley shape pattern 
means phase is stance. Damped y direction energy is changed into x direction velocity. d) Phase space 
of y. shape is changed, because y movement is damped. Phase space of y is losing energy, and system 
will be fall down.  
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a) b)

c) d)

 

Figure 22. A sample from cluster #2 results of three variables (initial phase: stance) optimization 

A sample from cluster #2 parameter and objective function values are spring constant: 488.121 N/m, 
angle of attack: 1.31557 rad, initial leg length: 1.52713 m, objective function1 values: 0.063273, 
objective function 2 values: -6.14611. a) Displacement versus time. x displacement shows almost linear 
behavior, and y displacement shows almost sine wave behavior. b) y displacement versus x 
displacement. This graph combines two graph of displacement versus time of x and y. lines is trajectory 
of center of mass. Fluctuation is increased along time. c) Phase space of x. Valley shape pattern means 
phase is stance. Damped x direction energy is changed into y direction energy. At last part, system lost 
their energy to go to forward. d) Phase space of y. shape is changed, because y movement is increased. 
Phase space of y is getting energy, and system will go backward, because of x direction energy cannot 
overcome spring energy storing speed. 
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a) b)

c) d)

 

Figure 23. A sample from cluster #3 results of three variables (initial phase: stance) optimization 

A sample from cluster #3 parameter and objective function values are spring constant: 432.666 N/m, 
angle of attack: 1.31557 rad, initial leg length: 1.64054 m, objective function1 values: 0.166238, 
objective function 2 values: -6.36898. a) Displacement versus time. x displacement shows almost linear 
behavior, and y displacement shows almost sine wave behavior. b) y displacement versus x 
displacement. This graph combines two graph of displacement versus time of x and y. lines is trajectory 
of center of mass. Fluctuation is damped along time. c) Phase space of x. Valley shape pattern means 
phase is stance. Damped y direction energy is changed into x direction velocity. d) Phase space of y. 
shape is changed, because y movement is damped. Phase space of y is losing energy, and system will 
be fall down. In this case, energy change speed was very fast, so this model failed to step forward. 
Because, restituted y was so small to recover angle of attack. As a result, scuffing was occurred. It is 
same case with figure 18. 
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3.1.4 System validations (4) – five variables  

We changed spring constant, angle of attack, and initial leg length. Then is it possible to 

find optimized parameter combination given variable bound which include energy parameter, 

initial y position and initial x velocity? Previous calculation had given energy level, and we 

found parameter vector to get stability and performance. This case was designed to find 

optimized parameter set to operate cruising. Design parameters are five, spring constant and 

angle of attack, and initial leg length, initial y position, and initial x velocity. And the number 

of population is 200. The number of generation is 50. Spring constant is bounded 1 from 1000 

N/m. Angle of attack is bounded from 0 to pi rad. Initial leg length is bounded from 0 to 2. 

Initial y position is bounded from 0 to 5. Initial x velocity is bounded from 0 to 10. Equation 

(1), (2) are used as objective function. Given parameters in spring mass model are mass, gravity 

acceleration. Each values are 1 kg, 9.81 m/s2. Optimized results are described as objective 

function space in figure 24. Solutions converged very well. To compare with characteristic of 

solutions, 4 clusters, #1, #2, #3, and #4 were determined intuitively and one parameter 

combination was extracted from each cluster set. Using generation 50, parameter relationship 

was drawn in figure 25. Characteristic of figure 25 can be explained: spring constant is 

converged, angle of attack is converged, initial leg length spreads large area, x velocity is 

almost constant value, and initial y position is converged. 

Figure 26 parameter and objective function values are spring constant: 645.643 N/m, 

angle of attack: 1.36951 rad, initial leg length: 1.36741 m, initial y position: 1.32113, initial x 

velocity: 5.21849, objective function1 values: 0.028709, objective function 2 values: -5.26513.  

Figure 27 parameter and objective function values are spring constant: 568.05 N/m, angle of 

attack: 1.25292 rad, initial leg length: 1.98102 m, initial y position: 1.55697, initial x velocity: 

10, objective function1 values: 0.056896, objective function 2 values: -11.089. Figure 28 

parameter and objective function values are spring constant: 655.678 N/m, angle of attack: 
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1.25292 rad, initial leg length: 2 m, initial y position: 1.24923, initial x velocity: 10, objective 

function1 values: 0.199299, objective function 2 values: -12.4004. Figure 29 parameter and 

objective function values are spring constant: 601.201 N/m, angle of attack: 1.17831 rad, initial 

leg length: 2 m, initial y position: 0.803903, initial x velocity: 10, objective function1 values: 

0.265691, objective function 2 values: -15.2111. Calculated results show that appropriate 

parameter combination exists to maintain system stability. Except #2 cluster, the other are 

almost fail solutions. 
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Figure 24. Genetic algorithm process to find optimized five variables 

As generation progresses, we can find pattern of solution in objective function space. Solutions go to 
specific shape, and that shape is discrete. There is also trade off pattern. This shows that objective 
function1 and objective function 2 have reciprocal relationship. Outstanding characteristic of five 
variable optimization is that the others are minor except cluster #2. 
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a) b)

c) d)

e) f)

g) h)

i) j)

 

Figure 25. Parameter relationship graph of five variables 
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There are 5 variables, so it is impossible to express one graph. Isometric projection is used to draw each 
graph. To find characteristic of parameter pattern, 10 graph was drawn, using 5C2 = 10. a) Spring 
constant versus angle of attack. b) Spring constant versus initial y position. c) Spring constant versus. 
d) Spring constant versus initial x velocity. e) Angle of attack versus initial leg length. f) Angle of attack 
versus initial y position. g) Angle of attack versus initial x velocity. h) Initial leg length versus initial y 
position. i) Initial leg length versus initial x velocity. j) Initial y position versus initial x velocity. It 
seems that spring constant is converged, angle of attack is converged, initial leg length spreads large 
area, x velocity is almost constant value, and initial y position is converged. 
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a) b)

c) d)

 

Figure 26. A sample from cluster #1 results of five variables optimization 

A sample from cluster #1 parameter and objective function values are spring constant: 645.643 N/m, 
angle of attack: 1.36951 rad, initial leg length: 1.36741 m, initial y position: 1.32113, initial x velocity: 
5.21849, objective function1 values: 0.028709, objective function 2 values: -5.26513. a) Displacement 
versus time. x displacement shows almost linear behavior, and y displacement shows almost sine wave 
behavior. b) y displacement versus x displacement. This graph combines two graph of displacement 
versus time of x and y. lines is trajectory of center of mass. Fluctuation increases along time. c) Phase 
space of x. Valley shape pattern means phase is stance. Damped x direction energy is changed into y 
direction energy. d) Phase space of y. shape is changed, because x energy changed into y direction 
energy. As a result, backward movement will be occurred.  
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c) d)

 

Figure 27. A sample from cluster #2 results of five variables optimization 

A sample from cluster #2 parameter and objective function values are spring constant: 568.05 N/m, 
angle of attack: 1.25292 rad, initial leg length: 1.98102 m, initial y position: 1.55697, initial x velocity: 
10, objective function1 values: 0.056896, objective function 2 values: -11.089. a) Displacement versus 
time. x displacement shows almost linear behavior, and y displacement shows almost sine wave 
behavior. b) y displacement versus x displacement. This graph combines two graph of displacement 
versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. Valley shape pattern 
means phase is stance. d) Phase space of y. Unlike the other cluster results, this solution has good 
periodicity. 
 

- 57 - 



a) b)

c) d)

 

Figure 28. A sample from cluster #3 results of five variables optimization 

A sample from cluster #3 parameter and objective function values are spring constant: 655.678 N/m, 
angle of attack: 1.25292 rad, initial leg length: 2 m, initial y position: 1.24923, initial x velocity: 10, 
objective function1 values: 0.199299, objective function 2 values: -12.4004. a) Displacement versus 
time. x displacement shows almost linear behavior, and y displacement shows almost sine wave 
behavior. b) y displacement versus x displacement. This graph combines two graph of displacement 
versus time of x and y. lines is trajectory of center of mass. Fluctuation is damped along time. c) Phase 
space of x. Valley shape pattern means phase is stance. Damped y direction energy is changed into x 
direction velocity. d) Phase space of y. shape is changed, because y movement is damped. Phase space 
of y is losing energy, and system will be fall down. In this case, energy change speed was very fast, so 
this model failed to step forward. Because, restituted y was so small to recover angle of attack. As a 
result, scuffing was occurred.  
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c) d)

 

Figure 29. A sample from cluster #4 results of five variables optimization 

A sample from cluster #4 parameter and objective function values are spring constant: 601.201 N/m, 
angle of attack: 1.17831 rad, initial leg length: 2 m, initial y position: 0.803903, initial x velocity: 10, 
objective function1 values: 0.265691, objective function 2 values: -15.2111. a) Displacement versus 
time. x displacement shows almost linear behavior, and y displacement shows almost sine wave 
behavior. b) y displacement versus x displacement. This graph combines two graph of displacement 
versus time of x and y. lines is trajectory of center of mass. Fluctuation is damped along time. c) Phase 
space of x. Valley shape pattern means phase is stance. Damped y direction energy is changed into x 
direction velocity. d) Phase space of y. shape is changed, because y movement is damped. Phase space 
of y is losing energy, and system will be fall down. In this case, energy change speed was very fast, so 
this model failed to step forward. Because, restituted y was so small to recover angle of attack. As a 
result, scuffing was occurred.  
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3.2 Hypothesis validation 

To find limitation of software and rules of optimized hardware, one simulation is suggested. In 

figure 30, there is desired trajectory which is never archived by realistic method. Given 

trajectory is x = 5t and y = 2. x direction velocity is constant and y position is constant values. 

Given desired trajectory will be archived by floating. This means intension of desired trajectory 

is ideal state which has no fluctuation in y direction. Using results of system validation, we 

know that spring constant, angle of attack, and initial leg length is important parameter to give 

stability and performance, 3 variables start from flight optimization results will be used to show. 

Stance start is difficult to compare each other, because energy level is different each solution. 

Suggested simulation condition is same with system validation (2), but desired trajectory and 

additional controller, which is give force to mass to follow desired trajectory, are introduced. 

Control force is applied only in stance phase, because leg gets additional force when stance, 

not flight phase.  

 Control group which is not designed any consideration of stability and performance 

is assumed. Parameters are spring constant: 700 N/m, angle of attack: pi/3 rad, and initial leg 

length: 1.5 m. System behavior is in figure 31. This results show system cannot operate without 

controller. Using PD controller, P gain: 50, D gain: 20, same gain was used to control x, y 

direction, control group results changed in figure 32. Although control gain is not optimized 

value, system results are absolutely better than uncontrolled one. To find effect of optimized 

hardware effect, system validation (2) results, #2, #1, and #4 was used as experiment group. #2 

parameters are that spring constant is 929.051 N/m, angle of attack is 1.43412 rad, and initial 

leg length is 1.7683 m. #1 parameters are that spring constant is 515.179 N/m, angle of attack 

is 1.4075 rad, and initial leg length is 2 m. #4 parameters are that spring constant is 731.767 

N/m, angle of attack is 1.40388 rad, and initial leg length is 1.58419 m. Used PD gains are 
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same, P gain is 20 and D gain is 0.4 at x and y direction. PD gain is got heuristically. Controlled 

#2 shows very good following in figure 33. Uncontrolled #2 was in middle of stability and 

performance in system validation (2). Phase space of y is changed into closed shape. 

Uncontrolled #2 was losing y fluctuation along time. Giving energy to y direction and 

decelerating x direction were occurred. Controlled #1 shows also good following in figure 34. 

Phase space of y is little open but controller limits gap and x scale is small than other graph, 

that means gap is very small. Uncontrolled #1 showed ultimate tendency to decrease y 

fluctuation. After controlled, fluctuation decreased more. Controlled #4 shows very good 

following in figure 35. Phase space of y is changed into closed shape. Uncontrolled #4 could 

not running after 3rd step because of scuffing. After controlled, results was modified very 

dramatically. Comparing results of used energy are in figure 36, and table 1 and 2.  
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Figure 30. Hypothesis simulation models and conditions 

System condition is same with system validation (2) Differences are desired trajectory and additional control input. 
Desired trajectory is x = 5t, y =2. Control force is applied mass directly, this means generated force by leg when 
leg is in stance phase. Desired trajectory has constant x direction velocity, 5 m/s and constant y position, 2 m. 
Using this simulator, hardware rule and software limitation is revealed.  
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a) b)

c) d)

 

Figure 31. Reference model uncontrolled simulation results 

Parameters of uncontrolled reference model are spring constant: 700 N/m, angle of attack: pi/3 rad, 
initial leg length: 1.5 m. a) Displacement versus time. x displacement shows backward behavior, and y 
displacement shows falling down. b) y displacement versus x displacement. This graph combines two 
graph of displacement versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. 
There is no valley shape pattern, because there is no stance to flight action. d) Phase space of y. Phase 
space of y is getting energy, and system will go to backward. 
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a) b)

c) d)

 

Figure 32. Reference model controlled simulation results 

Parameters of controlled reference model are spring constant: 700 N/m, angle of attack: pi/3 rad, initial 
leg length: 1.5 m. Control gain: P gain is 50, D gain is 20 at x and y coordinate. a) Displacement versus 
time. x displacement shows linear behavior, and y displacement shows periodic behavior. b) y 
displacement versus x displacement. This graph combines two graph of displacement versus time of x 
and y. lines is trajectory of center of mass. c) Phase space of x. Valley pattern is generated, and not 
regular, this means system goes forward compulsorily. d) Phase space of y. Phase space of y has 
periodicity, but shape is uncomfortable. 
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a) b)

c) d)

 

Figure 33. System validation (2) #2 model controlled simulation results 

A sample from cluster #2 parameters are spring constant: 929.051 N/m, angle of attack: 1.43412 rad, 
initial leg length: 1.7683 m. Control gain: P gain is 20, D gain is 0.4 at x and y coordinate. a) 
Displacement versus time. x displacement shows almost linear behavior, and y displacement shows 
almost sine wave behavior. b) y displacement versus x displacement. This graph combines two graph 
of displacement versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. Valley 
shape pattern means phase is stance. Because of control input, pattern is irregular. d) Phase space of y 
shows very good periodicity. 
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a) b)

c) d)

 

Figure 34. System validation (2) #1 model controlled simulation results 

A sample from cluster #1 parameters are spring constant: 515.179 N/m, angle of attack: 1.4075 rad, 
initial leg length: 2 m. Control gain: P gain is 20, D gain is 0.4 at x and y coordinate. a) Displacement 
versus time. x displacement shows almost linear behavior, and y displacement shows almost sine wave 
behavior. b) y displacement versus x displacement. This graph combines two graph of displacement 
versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. Valley shape pattern 
means phase is stance. Because of control input, pattern is irregular. d) Phase space of y shows very 
good periodicity. 
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a) b)

c) d)

 

Figure 35. System validation (2) #4 model controlled simulation results 

A sample from cluster #4 parameters are spring constant: 731.767 N/m, angle of attack: 1.40388 rad, 
initial leg length: 1.58419 m. Control gain: P gain is 20, D gain is 0.4 at x and y coordinate. a) 
Displacement versus time. x displacement shows almost linear behavior, and y displacement shows 
almost sine wave behavior. b) y displacement versus x displacement. This graph combines two graph 
of displacement versus time of x and y. lines is trajectory of center of mass. c) Phase space of x. Valley 
shape pattern means phase is stance. Because of control input, pattern is irregular. d) Phase space of y 
shows very good periodicity. 
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a) b)

c) d)

 

Figure 36. Energy usage comparative graph of uncontrolled model and controlled model 

This graph shows energy level along time. Uncontrolled simulation is conservative, so shows constant 
values, red line. After controlled, energy level is changed. Using this graph, we can calculate input 
energy. Energy is used when energy level is changed. a) Energy graph of reference. Energy is used three 
times during 1s. b) Energy graph of #2 of system validation (2). Energy is used four times during 1s. c) 
Energy graph of #1 of system validation (2). Energy is used eight times during 1s. d) Energy graph of 
#4 of system validation (2). Energy is used two times during 1s. 
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Table 1. Characteristics of uncontrolled systems  

Uncontrolled Reference (2).#2 (2).#1 (2).#4 
Control input energy [J] 0 0 0 0 
y direction fluctuation 

(maximum) [m] 
[1.234 2.000] 
∆=0.766 

[1.678 2.000] 
∆=0.322 

[1.937 2.000] 
∆=0.063 

[1.452 2.000] 
∆=0.548 

x direction distance during 1s 
[m] 2.311 5.003 4.981 5.019 

 

Table 2. Characteristics of controlled systems 

Controlled Reference (2).#2 (2).#1 (2).#4 
Control input energy [J] 9.840 1.600 0.320 1.950 
y direction fluctuation 

(maximum) [m] 
[1.234 2.000] 
∆=0.766 

[1.683 2.005] 
∆=0.322 

[1.935 2.006] 
∆=0.071 

[1.464 2.010] 
∆=0.546 

x direction distance during 1s 
[m] 4.599 4.985 4.995 4.981 
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4. DISCUSSION 

4.1 Discussion 

In this thesis, objective is suggesting optimization method and template which shows 

hardware which consider software parameter is better than not considered one. Optimizing 

process is suggested in figure 6. Two variable optimized results are described as objective 

function space in figure 7. The most important feature is relationship between objective 

function 1 and objective function 2. Spread pattern is linear, this result means objective 

function1 and objective function 2 are not independent. Explaining physically, stability and 

performance are not independent in given model. If solution is stable, performance is also good. 

If performance is good, then solution is also stable, vice versa. If simulation time is infinite, 

solution will be converged just one point given variable boundary. But that means parameter 

combination is just one. Given graph doesn’t means parameter space. We already knows 

objective function 1 and objective function 2 are dependent in given model condition, we don’t 

have to use much time. This result is same with figure 4 of [25]. Using this graph, we can find 

that spring constant and angle of attack has regression relationship. If spring constant is given, 

then angle of attack is determined to give system stability. In paper [25], they found solution 

using step to fall method, and they also assumed that spring constant and angle of attack had 

relationship. But in this thesis, there was no assumption which spring constant and angle of 

attack had relationship, and considered not only stability but also performance simultaneously. 

This means, this method can be more general method and expanded higher dimension 

searching solution in spring mass. Three variable optimization which begins from flight phase 

is expansion of two variable optimization just adding initial leg length. Relationship between 

spring constant and angle of attack is maintained, but the relationship character is changed 

along initial leg length, and solutions are bounded initial leg length. Three variable optimization 
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which begins from stance phase is expansion of two variable optimization just adding initial 

leg length. Relationship between spring constant and angle of attack is maintained, and the 

relationship character is very similar along initial leg length, and solutions are bounded some 

boundary which is not leg length. Five variable optimization was used to confirm important 

variable in hardware optimization. We found that spring constant was converged, angle of 

attack was converged, initial leg length spreads large area, and x velocity and initial y position 

are almost constant values. This results lead that given conditions, initial y position and x 

velocity, determine spring constant and angle of attack which need to maintain running, and 

initial leg length determines characteristic of system, such as making system more fluctuating 

or forward further. Using this results, to find rules of optimized hardware, validation (2) results 

was used because their energy level were same. Using given condition, control group and 

experiment group was compared. Optimized solutions give absolutely better results than 

reference system. Energy input, fluctuation, and distance during 1s show good results. Also, 

various solution give other performance. Optimized solutions help controlling robot legs and 

decreasing input energy. This support semi parallel design.  

Solution sets show stable convergence. It may from strict condition, ideal control in 

angle of attack and energy conservation condition. These elements reduce complexity of 

validation method and problems can be solved by simple evaluation method. If dynamic system 

have more complex model, considering energy loss, high DOF, environmental disruptions, and 

real control system, suggested simple evaluations may can’t cover properly. Therefore, self-

decision making, self-evaluator will be needed. Even though this system assume strict 

condition, using this method, we can calculate ideal state design parameter set in given 

condition, and this solution can help reduce control efforts in real world. Use more complex 

dynamic model which consider such as energy loss because of impact, segmented leg and 

environment effect, random restitution efficiency and so on.  
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5. CONCULSION 

5.1 Conclusion 

In this thesis, several works were done. Running leg behavior model which was two 

phase dynamic system and energy conservative was used to simulate optimization. Mass, 

spring constant, and initial length was hardware parameter and angle of attack was software 

parameter. To consider hardware and software simultaneously, angle of attack was set as ideal 

controllability parameter to avoid affect mass and spring constant. This action help finding 

hardware parameters which consider controllability parameter, angle of attack. Using 

nondominated sort genetic algorithm II, K-means clustering, and pre-knowledge, optimization 

was performed. System validation was performed to validate suggested optimization process 

and find important design parameter. Using calculated design parameter, Conforming 

validation of design parameters was also performed, and hypothesis supported considering 

hardware and software simultaneously, and optimizing robot leg hardware could help controller 

in semi parallel design process. If explaining works as computational complexity theory, we 

suggested validation method which reduced NP-hard to NP intuitively, and this validation 

method gave useful solutions. Though used method and model were simple and restrict, it 

showed support for importance of co-design using design parameter of running robot leg. It 

will be helpful to guide designing compliant robot platform.  

There are also a lot of shortcomings and problems. First, independency between 

suggested objective function is weak. Actually, this robot leg system require strict stable 

condition to do running. That means stability and performance, running distance, are almost 

same except going backward. Second, we don’t need to use genetic algorithm, if we use 

dimensionless parameter. This system can be analyzed using angle of attack and spring constant. 

Leg length can be used to make dimensionless parameters, angle of attack and spring constant. 
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Using dimensionless parameters, we can find only one minimum parameter combination using 

other optimization methods. Finally, object of optimization is very weak. Setting specific 

objective function will be required such as hopping and jumping. Though there are a lot of 

problems, this method can be applied some problems. If a system is so complicate, more than 

two segments, using dimensionless parameter will be impossible. Also using a lot of objective 

functions need global optimization method. For example, suggested method can be used to find 

passive ankle device, which can cover both walking and running using trade off. Optimization 

complex passive prosthetic system which require a lot of objective function will be a good 

example to apply suggested method and do further working. 
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APPENDICES 

Appendix 1 – Results of optimization 

System validations (1) – two variables 

Table 3. System validations (1) result – two variables 

k α  Objective1 Objective2 k α   Objective1 Objective2 
876.879 1.3526 0.029201 -4.98099 438.72 1.25547 0.031768 -4.93221 
665.286 1.32394 0.029349 -4.98408 497.587 1.27658 0.033341 -4.95149 
783.668 1.3409 0.02877 -4.97971 529.052 1.27977 0.031735 -4.92779 
665.003 1.3203 0.028419 -4.97344 390.634 1.23523 0.031664 -4.9197 
957.146 1.36443 0.031654 -4.98792 401.631 1.24074 0.031827 -4.92788 
452.357 1.26635 0.028526 -4.96301 757.352 1.32653 0.032163 -4.94512 
440.901 1.26357 0.028585 -4.96707 476.937 1.26746 0.031951 -4.93462 
672.671 1.32369 0.030314 -4.97976 459.011 1.25962 0.032084 -4.92778 
625.464 1.31487 0.030096 -4.9785 414.287 1.24672 0.032004 -4.92721 

508.62 1.28645 0.028811 -4.97539 832.951 1.33748 0.032886 -4.94289 
622.285 1.31349 0.028818 -4.97626 860.714 1.33769 0.032466 -4.93356 
539.695 1.28856 0.028451 -4.95694 751.901 1.32562 0.034894 -4.94333 
468.153 1.27392 0.028606 -4.97171 673.104 1.30991 0.032391 -4.93131 
527.524 1.28968 0.028634 -4.97011 675.008 1.31212 0.03278 -4.94026 
697.617 1.32612 0.028994 -4.97295 512.118 1.27273 0.031874 -4.91865 

963.06 1.36075 0.03038 -4.97738 683.882 1.31053 0.032412 -4.92714 
757.39 1.33654 0.031157 -4.97782 733.953 1.31914 0.032808 -4.92895 

441.129 1.26166 0.028829 -4.95708 509.339 1.27566 0.03292 -4.93475 
642.091 1.31173 0.028946 -4.95865 521.125 1.27813 0.032623 -4.92816 
743.486 1.33326 0.029569 -4.97239 481.6 1.26578 0.032131 -4.91831 
453.886 1.26641 0.029313 -4.96147 631.098 1.30424 0.03318 -4.9398 
492.262 1.276 0.028759 -4.95595 859.129 1.33896 0.034797 -4.93831 
504.364 1.28023 0.028999 -4.95773 821.116 1.33314 0.033815 -4.93729 
590.651 1.30455 0.029647 -4.96778 574.076 1.28856 0.032476 -4.92296 
751.998 1.33368 0.030169 -4.97222 477.106 1.26562 0.033042 -4.9265 
469.964 1.27447 0.02972 -4.97159 588.323 1.29142 0.032742 -4.92326 
514.768 1.28561 0.02991 -4.97051 895.697 1.33909 0.032811 -4.92639 
766.259 1.33611 0.030371 -4.97096 685.7 1.30875 0.032206 -4.91549 
708.193 1.32495 0.029651 -4.96189 612.067 1.30006 0.033566 -4.93579 
525.103 1.27803 0.02974 -4.92301 689.22 1.31275 0.034017 -4.92986 
671.443 1.31805 0.029931 -4.96003 887.22 1.34106 0.034078 -4.93251 
638.252 1.31089 0.029823 -4.95809 871.425 1.34077 0.034177 -4.93593 
806.874 1.33928 0.029989 -4.96505 505.538 1.26668 0.032413 -4.89896 
773.856 1.3368 0.030199 -4.96973 434.774 1.25154 0.032496 -4.92046 
437.453 1.25984 0.029769 -4.95609 610.209 1.29607 0.032712 -4.92165 
568.663 1.29983 0.030286 -4.96767 948.589 1.34493 0.033083 -4.92435 
481.664 1.27766 0.03082 -4.96939 694.31 1.31487 0.034833 -4.93719 
258.928 1.16303 0.029749 -4.92125 561.673 1.28811 0.034382 -4.93374 
472.986 1.27443 0.030207 -4.96734 686.431 1.31141 0.034114 -4.92647 
543.801 1.28713 0.030022 -4.94447 551.046 1.28105 0.032669 -4.91111 
562.988 1.29029 0.029951 -4.93808 573.539 1.28671 0.032678 -4.91343 
632.691 1.3118 0.030078 -4.96294 795.704 1.32473 0.032976 -4.91528 
343.253 1.22189 0.030189 -4.94913 550.624 1.28188 0.033499 -4.91718 
286.565 1.18442 0.02997 -4.93259 754.816 1.32057 0.033765 -4.92132 
795.781 1.33759 0.03024 -4.96264 612.097 1.29618 0.033657 -4.91957 
492.405 1.27938 0.030712 -4.96687 679.507 1.3057 0.032535 -4.90927 
462.923 1.26993 0.030494 -4.96416 1000 1.35288 0.035127 -4.9303 
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305.576 1.19858 0.030076 -4.93182 844.295 1.33477 0.034453 -4.93024 
594.548 1.301 0.030385 -4.95653 600.809 1.29517 0.034237 -4.92616 
378.091 1.23509 0.030378 -4.93988 549.454 1.2836 0.034116 -4.92545 
567.327 1.29759 0.031286 -4.96629 451.143 1.25144 0.032779 -4.89876 
441.883 1.26259 0.030434 -4.95879 506.231 1.26655 0.032767 -4.8956 
544.022 1.29121 0.030686 -4.96297 726.318 1.31293 0.033046 -4.9031 
443.691 1.25556 0.030345 -4.92614 547.592 1.28093 0.034065 -4.9116 

537.16 1.28995 0.030763 -4.9628 522.147 1.27227 0.033561 -4.9041 
537.757 1.28826 0.030715 -4.95733 369.235 1.22083 0.033027 -4.89883 
658.459 1.31335 0.030413 -4.95559 476.985 1.25645 0.032657 -4.88834 

549.96 1.29402 0.031598 -4.96493 663.155 1.30275 0.033986 -4.90951 
702.701 1.32279 0.030623 -4.95733 677.973 1.3108 0.03715 -4.93165 
737.232 1.32934 0.031154 -4.96257 814.505 1.33052 0.034894 -4.92954 

541.07 1.29086 0.031076 -4.96113 828.086 1.32958 0.034371 -4.92101 
358.39 1.22058 0.030641 -4.91107 796.678 1.32874 0.034516 -4.9293 

378.409 1.23485 0.030857 -4.94099 686.107 1.30904 0.034246 -4.91975 
487.368 1.27144 0.030801 -4.94086 748.473 1.31644 0.033991 -4.90849 
659.833 1.3152 0.031601 -4.95737 381.047 1.22514 0.032787 -4.89704 
816.735 1.34072 0.031666 -4.96211 440.011 1.24746 0.033053 -4.89827 
495.192 1.27055 0.03112 -4.92747 563.223 1.28176 0.033818 -4.90318 
501.947 1.27872 0.031206 -4.95527 489.691 1.26358 0.033201 -4.90277 

523.91 1.27854 0.031209 -4.93045 797.432 1.32794 0.035234 -4.92706 
494.789 1.27558 0.031271 -4.95151 403.019 1.23175 0.033278 -4.8888 
748.459 1.33012 0.031776 -4.95829 497.989 1.26411 0.033523 -4.89378 
659.585 1.31535 0.031688 -4.95699 791.589 1.32504 0.034357 -4.91671 
553.353 1.28333 0.031184 -4.92003 711.28 1.31434 0.034994 -4.92285 
651.901 1.31515 0.031878 -4.96092 521.608 1.27308 0.0346 -4.90987 
777.972 1.33103 0.031521 -4.94639 719.497 1.31266 0.034544 -4.90818 
560.851 1.29284 0.031558 -4.95106 648.062 1.30246 0.034821 -4.91655 
559.027 1.28941 0.031324 -4.94099 676.369 1.30697 0.035769 -4.91795 
581.837 1.28996 0.031234 -4.92187 463.519 1.25209 0.033324 -4.88176 

883.94 1.34784 0.031889 -4.9573 569.759 1.27991 0.033658 -4.88594 
669.854 1.31504 0.031705 -4.95331 456.213 1.24853 0.03329 -4.87773 
814.133 1.33877 0.03211 -4.95941 410.468 1.23286 0.033504 -4.88256 
625.381 1.30763 0.032498 -4.95796 777.138 1.32318 0.036531 -4.91947 
512.911 1.281 0.031625 -4.95037 906.18 1.33493 0.034386 -4.8985 
494.982 1.27303 0.03145 -4.93794 497.18 1.26893 0.03484 -4.91567 
340.368 1.20652 0.03136 -4.90262 570.357 1.28456 0.03469 -4.90642 
397.709 1.23443 0.031412 -4.90439 625.379 1.29587 0.034749 -4.90728 
574.423 1.29534 0.032166 -4.95292 476.683 1.25767 0.034581 -4.8933 
471.881 1.26687 0.031494 -4.93902 485.028 1.25341 0.033311 -4.86532 
885.889 1.34692 0.033712 -4.95525 417.392 1.23714 0.034003 -4.88334 
732.173 1.31953 0.03154 -4.93247 341.793 1.20012 0.033885 -4.87107 
301.578 1.18935 0.031496 -4.91598 508.041 1.26225 0.033332 -4.87094 
541.553 1.28762 0.031765 -4.94976 462.072 1.25194 0.03419 -4.88453 
595.209 1.29851 0.031682 -4.94632 722.409 1.31373 0.035189 -4.91358 
768.561 1.33138 0.032933 -4.95181 716.544 1.31178 0.035137 -4.9096 
382.431 1.22974 0.031491 -4.90728 651.171 1.30227 0.035787 -4.91501 
949.649 1.35293 0.033725 -4.95294 702.042 1.30742 0.034852 -4.90148 
416.607 1.24839 0.031774 -4.93616 612.553 1.29141 0.034845 -4.89889 
775.915 1.33067 0.032013 -4.94687 646.356 1.29518 0.03469 -4.88736 
254.892 1.15078 0.031512 -4.87315 580.103 1.28105 0.034296 -4.88191 
686.963 1.31136 0.03157 -4.92886 802.526 1.31754 0.034199 -4.87932 

 

System validations (2) – three variables (no additional energy) 

Table 4. System validations (2) result – three variables (no additional energy)  

k α  𝑙𝑙0 Objective1 Objective2 k   α  𝑙𝑙0 Objective1 Objective2 
712.785 1.39715 1.55265 0.061044 -5.01259 641.426 1.39702 1.67118 0.036698 -4.98608 
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876.324 1.43412 1.81578 0.034211 -4.99979 529.661 1.4075 2 0.027785 -4.97343 
552.496 1.39941 1.83074 0.033919 -4.99248 733.046 1.39811 1.56039 0.037036 -4.99436 
515.179 1.4075 2 0.026105 -4.98094 429.502 1.38987 1.98628 0.02813 -4.978 

918.68 1.40554 1.41848 0.064906 -5.02574 613.488 1.40383 1.78283 0.035683 -4.98483 
823.978 1.39076 1.37287 0.063245 -5.02171 927.089 1.43358 1.79087 0.037008 -4.98934 
920.151 1.43472 1.7683 0.035837 -5.00793 520.583 1.4047 1.99215 0.027764 -4.97091 
488.731 1.40204 2 0.026038 -4.97656 758.963 1.39675 1.51975 0.037792 -4.9953 
869.262 1.41093 1.53349 0.047336 -5.01164 742.477 1.40294 1.57555 0.084935 -5.0126 
766.157 1.43672 2 0.026642 -4.98834 785.105 1.39479 1.47914 0.038425 -5.00143 
567.072 1.40781 1.91456 0.031919 -4.98806 885.017 1.39253 1.35281 0.039846 -5.00144 
465.389 1.39101 1.92387 0.03077 -4.98095 806.627 1.40093 1.52042 0.038298 -4.99686 

943 1.43469 1.71392 0.060507 -5.01001 797.414 1.39639 1.46262 0.08575 -5.0098 
858.848 1.40473 1.46603 0.060718 -5.01056 918.241 1.43086 1.74009 0.038177 -4.99533 
929.051 1.43412 1.7683 0.037252 -5.00255 744.641 1.38957 1.47504 0.037932 -4.99498 
927.075 1.39648 1.36375 0.039025 -5.0068 823.788 1.40588 1.56213 0.037963 -4.99527 
731.767 1.40388 1.58419 0.083671 -5.01887 712.785 1.39715 1.57471 0.038421 -4.99852 
516.956 1.40765 2 0.026688 -4.98052 782.682 1.43061 1.92955 0.033751 -4.98028 
522.707 1.4075 2 0.026483 -4.97645 513.766 1.39076 1.80453 0.034006 -4.98136 
818.001 1.3923 1.3781 0.08423 -5.02128 575.779 1.40294 1.85035 0.033966 -4.98094 
607.717 1.405 1.80849 0.035384 -4.99213 773.582 1.40121 1.51176 0.086376 -5.01584 
877.563 1.43149 1.78894 0.036127 -4.99752 738.413 1.40695 1.65864 0.036229 -4.98246 
857.266 1.41726 1.58742 0.079906 -5.01843 636.455 1.38749 1.59636 0.036439 -4.98319 
673.772 1.41187 1.79073 0.034323 -4.98975 633.155 1.38472 1.54334 0.081994 -5.00791 
769.663 1.39036 1.42415 0.062714 -5.01253 804.754 1.39497 1.43723 0.061956 -5.00701 
809.005 1.39408 1.41217 0.084127 -5.01901 929.051 1.43412 1.74915 0.056792 -5.00279 

970.52 1.42096 1.50744 0.088925 -5.02543 878.492 1.40969 1.55233 0.037408 -4.99279 
841.526 1.39375 1.37287 0.087672 -5.02465 737.752 1.40491 1.62878 0.037194 -4.99141 
808.183 1.40877 1.57807 0.037357 -5.00271 761.712 1.40491 1.60607 0.037081 -4.99141 
534.996 1.40946 2 0.026623 -4.97746 871.074 1.39194 1.36286 0.061791 -5.00377 
859.311 1.40588 1.49073 0.059309 -5.00914 508.212 1.40192 2 0.027846 -4.96175 
754.895 1.4055 1.60421 0.037572 -5.00501 462.723 1.39581 2 0.028295 -4.97154 
805.286 1.40588 1.54862 0.037905 -5.00307 552.145 1.40929 2 0.028119 -4.96732 
906.277 1.4175 1.58915 0.037992 -5.0038 355.325 1.36812 1.95203 0.030079 -4.97544 
545.996 1.40294 1.90278 0.032792 -4.98715 361.546 1.37118 1.96776 0.028271 -4.96895 
858.848 1.40473 1.46603 0.060762 -5.01056 764.466 1.40527 1.60031 0.037905 -4.99391 
905.479 1.40877 1.48935 0.039577 -5.00654 1000 1.43698 1.7836 0.03684 -4.98478 
750.431 1.39576 1.51072 0.037643 -4.99842 869.188 1.41319 1.56442 0.061838 -5.00527 
877.662 1.40877 1.4879 0.083278 -5.01209 893.915 1.40922 1.52797 0.037663 -4.99371 
843.811 1.43012 1.81462 0.036598 -4.9952 620.027 1.38413 1.59636 0.035637 -4.98166 
752.663 1.40161 1.57948 0.036913 -4.99644 438.083 1.38925 1.96428 0.029922 -4.97348 
640.266 1.39859 1.67397 0.036553 -4.9902 761.738 1.39576 1.51176 0.038793 -5.00062 
489.065 1.40264 2 0.026996 -4.98039 723.517 1.40255 1.60924 0.038454 -4.99953 
488.731 1.40204 2 0.026724 -4.97656 897.649 1.39376 1.36231 0.03952 -5.00077 
778.104 1.38986 1.40901 0.084912 -5.01957 752.549 1.43149 1.92486 0.038095 -4.99434 
846.334 1.39786 1.41848 0.084565 -5.01406 552.496 1.39246 1.7674 0.035221 -4.97881 
856.358 1.41187 1.56965 0.047171 -5.00665 782.682 1.43061 1.93763 0.033764 -4.9764 
580.725 1.40297 1.82855 0.034394 -4.98813 849.346 1.42368 1.72009 0.037687 -4.99332 
741.221 1.39313 1.47301 0.087723 -5.02106 735.789 1.40491 1.65464 0.037056 -4.98371 
839.495 1.43085 1.84364 0.035407 -4.99012 636.455 1.38751 1.59695 0.036697 -4.98062 
722.916 1.39993 1.58126 0.037286 -4.99806 768.191 1.393 1.46989 0.062273 -5.00574 
929.051 1.43412 1.7683 0.037964 -5.00255 632.191 1.38179 1.51053 0.086205 -5.00668 
805.286 1.40588 1.54862 0.038419 -5.00307 791.021 1.39894 1.48682 0.062639 -5.00638 
898.444 1.40556 1.45108 0.062587 -5.00976 751.897 1.40877 1.63007 0.060747 -5.00233 
850.237 1.39911 1.42657 0.061052 -5.00773 773.431 1.40877 1.63007 0.037542 -4.99239 
919.336 1.43412 1.74423 0.080713 -5.00997 682.698 1.38088 1.47695 0.037275 -4.98994 
551.872 1.38326 1.66015 0.036039 -4.98792 754.537 1.39778 1.52242 0.062078 -5.00246 
815.092 1.42653 1.80991 0.035273 -4.9865 422.366 1.38766 2 0.028352 -4.96478 
595.185 1.37338 1.49829 0.060043 -5.00596 481.973 1.39867 2 0.028398 -4.9674 
907.069 1.41189 1.52366 0.047207 -5.00568 769.663 1.42291 1.77894 0.057329 -5.00186 
744.893 1.39639 1.52772 0.047073 -5.00389 358.508 1.36869 2 0.027946 -4.93822 
665.657 1.39189 1.55725 0.084603 -5.01263 821.794 1.42256 1.74978 0.037103 -4.98571 
781.526 1.37963 1.32916 0.084211 -5.01072 952.869 1.43487 1.70356 0.086492 -5.01295 
880.061 1.43061 1.78661 0.036977 -4.99566 1000 1.43577 1.67427 0.089296 -5.01541 
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776.24 1.39778 1.47119 0.085239 -5.01447 534.288 1.40762 2 0.02888 -4.97041 
533.639 1.37154 1.59628 0.036688 -4.99019 469.746 1.3753 1.74129 0.035199 -4.97685 
728.517 1.43172 2 0.028775 -4.98009 780.846 1.39517 1.49531 0.038734 -4.99766 
488.056 1.40196 2 0.027721 -4.97668 879.096 1.40388 1.48021 0.038889 -5.00013 
401.052 1.38331 1.98924 0.027041 -4.97033 781.253 1.40243 1.54331 0.045921 -5.00052 
431.426 1.39179 2 0.027871 -4.97974 625.884 1.39421 1.68436 0.035542 -4.97862 
538.169 1.40845 1.99776 0.02745 -4.97326 857.75 1.43172 1.86759 0.034954 -4.97475 
711.481 1.40294 1.64029 0.036595 -4.98986 856.9 1.39253 1.36957 0.089831 -5.01196 
676.767 1.40006 1.63132 0.059021 -5.00592 1000 1.43975 1.7429 0.087124 -5.01116 
731.767 1.40297 1.61802 0.03684 -4.9916 844.524 1.40139 1.4504 0.08652 -5.00738 
809.543 1.39805 1.46484 0.085183 -5.01371 410.445 1.37934 1.94241 0.030515 -4.96921 
526.719 1.40793 2 0.02763 -4.97497 741.733 1.43061 2 0.029588 -4.96841 
811.666 1.40762 1.56171 0.062245 -5.0096 707.11 1.40467 1.66911 0.037105 -4.98524 
720.222 1.39731 1.51979 0.08553 -5.01956 555.054 1.37501 1.61554 0.03689 -4.98021 
806.013 1.43578 1.95904 0.032852 -4.98502 848.487 1.39811 1.42336 0.065023 -5.00519 
800.197 1.40177 1.49354 0.061395 -5.00874 552.496 1.38274 1.62672 0.077585 -5.00573 
861.983 1.40879 1.50741 0.061526 -5.00915 651.1 1.37934 1.48382 0.059297 -5.00093 
754.537 1.39778 1.53728 0.037994 -4.99864 513.908 1.40345 2 0.029435 -4.96679 
900.382 1.40673 1.47441 0.038273 -5.0018 719.212 1.39225 1.53881 0.037294 -4.98976 
895.691 1.4114 1.52766 0.039874 -5.003 429.502 1.38609 2 0.028361 -4.94802 
516.658 1.38807 1.76894 0.033556 -4.98384 503.324 1.40192 2 0.02919 -4.96405 
744.431 1.37963 1.3615 0.086365 -5.01667 422.296 1.38468 2 0.028532 -4.95024 
809.005 1.39408 1.41848 0.087698 -5.01814 809.005 1.40615 1.58883 0.037558 -4.99184 

740.35 1.40507 1.59539 0.08593 -5.01561 467.438 1.3951 2 0.029088 -4.96067 
868.847 1.43007 1.73839 0.083068 -5.00978 840.701 1.42574 1.77041 0.038 -4.99231 
774.998 1.39305 1.45102 0.061233 -5.00723 672.775 1.39281 1.54862 0.092697 -5.0136 
929.829 1.43464 1.72863 0.080285 -5.00923 881.172 1.40235 1.43639 0.062535 -5.00265 
790.204 1.39073 1.42598 0.064134 -5.00796 857.538 1.43012 1.84658 0.033956 -4.97389 
870.124 1.43412 1.8084 0.058545 -5.00403 817.194 1.40149 1.52045 0.038546 -4.99358 
737.752 1.40491 1.60599 0.047401 -5.0037 355.325 1.36812 2 0.028367 -4.94122 

718.13 1.43061 2 0.028065 -4.97782 856.9 1.39253 1.36957 0.090482 -5.01196 
361.465 1.37118 2 0.027092 -4.95124 486.431 1.39872 1.99783 0.029245 -4.96354 
358.508 1.37118 2 0.027312 -4.95365 786.973 1.39253 1.43161 0.081665 -5.00475 
429.502 1.38744 2 0.027738 -4.95752 849.682 1.42134 1.70376 0.037454 -4.98555 
391.059 1.37752 1.94241 0.029996 -4.97989 729.074 1.38811 1.46846 0.06361 -5.00172 
358.508 1.37143 2 0.027687 -4.95563 822.803 1.39115 1.39646 0.06214 -5.00023 

 

System validations (3) – three variables (additional energy) 

Table 5. System validations (3) result – three variables (additional energy) 

k α  𝑙𝑙0 Objective1 Objective2 k   α  𝑙𝑙0 Objective1 Objective2 
212.219 1.18172 1.47648 0.048057 -5.99238 487.474 1.29434 1.36279 0.053807 -5.80207 
299.189 1.22209 1.12457 0.030858 -5.18457 148.968 1.08421 1.08637 0.02546 -4.8811 
488.121 1.31557 1.52713 0.063273 -6.14611 464.087 1.28448 1.34813 0.053077 -5.76802 
205.972 1.17189 1.43381 0.045016 -5.89633 490.467 1.30051 1.37043 0.053974 -5.81901 
322.267 1.24148 1.09328 0.027399 -5.118 270.516 1.20236 1.35202 0.048834 -5.74351 
281.556 1.20652 1.21665 0.037776 -5.39914 372.028 1.25454 1.3311 0.048728 -5.71978 
516.002 1.33125 1.59038 0.112703 -6.27107 464 1.31572 1.54909 0.155351 -6.19017 

336.66 1.23342 1.16367 0.036179 -5.30001 474.965 1.31557 1.52713 0.104012 -6.14628 
223.165 1.16866 1.19304 0.033412 -5.29629 580.404 1.33717 1.52257 0.066836 -6.13678 
246.941 1.19528 1.35767 0.043766 -5.73886 598.463 1.3373 1.49348 0.064898 -6.0783 
234.287 1.18731 1.12686 0.027708 -5.148 484.464 1.32428 1.55166 0.156204 -6.19573 
199.659 1.15806 1.33776 0.039897 -5.60579 330.613 1.22059 1.19001 0.039739 -5.33248 
485.124 1.32197 1.57609 0.065947 -6.24328 314.185 1.23541 1.06612 0.028119 -5.04096 
432.666 1.31557 1.64054 0.166238 -6.36898 399.661 1.25328 1.174 0.039564 -5.32711 
448.105 1.30823 1.55174 0.063632 -6.1947 306.352 1.22744 1.08007 0.028578 -5.06173 
354.829 1.24524 1.12674 0.032823 -5.2101 297.958 1.20198 1.20609 0.040566 -5.34346 
225.618 1.17935 1.13412 0.028213 -5.16551 318.526 1.23549 1.09649 0.029476 -5.11202 
306.042 1.23967 1.08832 0.02634 -5.10182 359.569 1.25597 1.08987 0.030004 -5.11992 
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230.396 1.18651 1.1033 0.026055 -5.08914 270.447 1.20138 1.29351 0.042736 -5.54736 
272.32 1.22728 1.0677 0.021937 -5.05303 251.3 1.1866 1.30622 0.043357 -5.55929 

209.573 1.17147 1.10044 0.025315 -5.07531 233.213 1.17129 1.2704 0.040756 -5.46909 
240.044 1.20364 1.47648 0.050058 -6.00501 320.799 1.22965 1.29369 0.0443 -5.58539 
485.496 1.33783 1.6427 0.174463 -6.37467 273.537 1.20099 1.26569 0.040973 -5.48883 
252.399 1.19096 1.26915 0.038372 -5.49465 213.926 1.15265 1.15888 0.034494 -5.16337 
371.479 1.27537 1.47648 0.055238 -6.03463 417.407 1.26049 1.1153 0.034712 -5.1786 
288.194 1.20554 1.18142 0.036286 -5.31271 398.036 1.26052 1.09852 0.033827 -5.14308 
450.332 1.29989 1.47083 0.058691 -6.02942 441.676 1.27 1.14409 0.037994 -5.28077 
367.655 1.2688 1.47339 0.055846 -6.02779 357.398 1.23761 1.15252 0.037139 -5.26349 
405.623 1.25891 1.15927 0.037211 -5.30341 547.776 1.31631 1.39345 0.056755 -5.871 
271.812 1.20187 1.25204 0.039673 -5.46845 345.468 1.24068 1.28494 0.044122 -5.5794 
199.659 1.15941 1.07991 0.023111 -4.90569 371.17 1.25891 1.34872 0.049437 -5.75899 
273.774 1.22105 1.06491 0.024694 -5.03942 426.622 1.28323 1.04478 0.026285 -5.028 
379.277 1.26993 1.05605 0.02567 -5.04539 282.774 1.20919 1.25513 0.040757 -5.47963 
303.836 1.22997 1.06924 0.027176 -5.04629 316.16 1.21454 1.13745 0.034654 -5.17579 
534.299 1.33066 1.54796 0.082361 -6.18822 263.727 1.19241 1.17031 0.035903 -5.25049 
180.428 1.13445 1.34805 0.04041 -5.60039 610.021 1.33111 1.39692 0.058662 -5.87978 
298.129 1.22633 1.1073 0.029162 -5.1336 246.778 1.20616 1.43381 0.059098 -5.91539 
273.537 1.20099 1.15271 0.033694 -5.21767 426.931 1.27031 1.27033 0.046405 -5.58984 
402.834 1.25454 1.16059 0.036735 -5.29719 372.028 1.25489 1.31072 0.046859 -5.67375 
286.641 1.22291 1.09849 0.028487 -5.11186 400.611 1.25871 1.13185 0.035821 -5.22403 
484.464 1.31557 1.52713 0.063514 -6.14554 443.734 1.26912 1.13436 0.037114 -5.24446 
370.112 1.26994 1.44846 0.054811 -5.97566 499.984 1.29339 1.01495 0.027251 -4.97412 
398.159 1.26967 1.38767 0.053456 -5.84832 571.807 1.30336 1.00048 0.027945 -4.97662 
396.168 1.28014 1.43804 0.054697 -5.95644 434.798 1.27703 1.31869 0.048878 -5.70033 
223.165 1.16866 1.14638 0.030996 -5.16951 512.417 1.30053 1.31648 0.051679 -5.70204 
296.371 1.23108 1.09029 0.027853 -5.10154 569.513 1.31282 1.31839 0.052818 -5.70932 
219.367 1.16696 1.19248 0.034331 -5.28927 498.783 1.29645 1.3188 0.051879 -5.70618 
372.891 1.2478 1.19579 0.039337 -5.37714 221.059 1.15035 1.03008 0.026738 -4.92145 
459.375 1.31557 1.56108 0.105265 -6.21411 529.692 1.2985 1.01169 0.026814 -4.97086 
219.474 1.17598 1.40697 0.046076 -5.8447 502.524 1.29724 1.02258 0.02674 -4.96705 
437.128 1.2648 1.16073 0.038555 -5.30641 214.804 1.1578 1.08089 0.02627 -4.84423 
286.012 1.2268 1.05628 0.023577 -4.93761 490.134 1.29398 1.34696 0.05309 -5.76758 
262.494 1.20406 1.12474 0.029623 -5.16542 464.087 1.28448 1.34813 0.054958 -5.76802 
211.388 1.15598 1.19894 0.034517 -5.29588 508.547 1.30164 1.36704 0.055056 -5.8125 

362.88 1.24465 1.18218 0.03868 -5.34949 503.138 1.30051 1.35981 0.055006 -5.79664 
395.936 1.25328 1.174 0.038851 -5.32875 423.389 1.30505 1.52727 0.149337 -6.14494 
288.816 1.22312 1.37503 0.047872 -5.80001 473.1 1.31557 1.48327 0.14886 -6.05735 
199.659 1.15941 1.07991 0.023421 -4.90569 421.736 1.25454 1.17804 0.0403 -5.32975 
339.937 1.24971 1.38181 0.049721 -5.82667 595.209 1.32259 1.03498 0.028224 -5.01753 
271.477 1.20753 1.37762 0.048313 -5.80088 451.362 1.2722 1.16208 0.03961 -5.31867 
363.645 1.25891 1.05796 0.027165 -5.03715 489.213 1.2952 1.05605 0.029032 -5.04915 
426.622 1.28754 1.04478 0.025315 -5.02885 267.951 1.2023 1.07991 0.028791 -5.03823 
534.299 1.33329 1.54796 0.108664 -6.18876 313.082 1.22822 1.09767 0.031305 -5.1008 

393.99 1.29648 1.55981 0.152205 -6.20861 513.844 1.29896 1.06873 0.031248 -5.09422 
558.38 1.33719 1.54796 0.084037 -6.18806 334.95 1.22325 1.20803 0.04098 -5.37119 

318.859 1.23552 1.10009 0.029191 -5.12302 292.057 1.20099 1.21964 0.04118 -5.38138 
359.569 1.25365 1.0632 0.027866 -5.04084 307.519 1.20967 1.20701 0.040919 -5.35726 
261.704 1.20138 1.31588 0.042067 -5.59756 314.972 1.21587 1.24442 0.04176 -5.45082 
268.188 1.19758 1.2704 0.040658 -5.49643 318.526 1.22842 1.09198 0.03039 -5.08058 
401.072 1.25409 1.19579 0.039982 -5.37694 473.2 1.2798 1.08642 0.032916 -5.11895 
351.595 1.24177 1.25473 0.042016 -5.49856 375.04 1.24876 1.10192 0.034475 -5.13834 
318.617 1.23439 1.07734 0.027887 -5.06314 528.591 1.29413 1.08637 0.034057 -5.13721 
318.237 1.22464 1.13332 0.034302 -5.19797 500.561 1.2799 1.14409 0.038881 -5.26751 
367.146 1.24626 1.11059 0.033777 -5.15962 437.128 1.26302 1.14703 0.038222 -5.26699 
335.134 1.2271 1.16367 0.03684 -5.28228 276.689 1.19758 1.13516 0.034643 -5.16069 
492.431 1.30164 1.40139 0.056542 -5.88563 398.247 1.25705 1.08698 0.030914 -5.0893 
290.332 1.22364 1.09824 0.028758 -5.10964 387.867 1.24813 1.15026 0.038362 -5.26714 
506.802 1.30666 1.38635 0.056012 -5.85436 421.75 1.26168 1.11568 0.03478 -5.17744 
306.858 1.20885 1.19742 0.039556 -5.33516 501.515 1.33164 1.54356 0.15714 -6.1811 
516.333 1.32428 1.52239 0.063903 -6.13732 256.181 1.18247 1.26797 0.042794 -5.46766 
337.826 1.23681 1.15332 0.034597 -5.26433 518.092 1.32069 1.48164 0.076609 -6.05466 
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262.413 1.20274 1.12087 0.030337 -5.14975 314.031 1.2252 1.28267 0.04293 -5.54462 
265.594 1.20743 1.37762 0.046095 -5.79881 374.649 1.26994 1.42098 0.065761 -5.91727 
226.121 1.18135 1.06749 0.023633 -4.9227 334.956 1.2377 1.05796 0.026479 -4.88372 
367.655 1.2688 1.47339 0.057283 -6.02779 260.905 1.19322 1.30747 0.04413 -5.57044 
456.958 1.31557 1.56108 0.15695 -6.21364 367.419 1.24285 1.10516 0.033869 -5.13461 
550.265 1.32036 1.44763 0.061823 -5.98467 252.399 1.17801 1.25928 0.041489 -5.44567 
593.575 1.33498 1.46285 0.062967 -6.01674 341.893 1.24132 1.04417 0.027234 -4.92314 

421.75 1.26168 1.16272 0.039437 -5.31075 557.454 1.33719 1.5089 0.156722 -6.11109 
437.949 1.28905 1.42819 0.058114 -5.93925 470.162 1.31078 1.47772 0.099334 -6.04547 

315.87 1.2127 1.18997 0.039514 -5.32207 478.649 1.31916 1.50232 0.152862 -6.09647 
334.306 1.24072 1.31869 0.046389 -5.68503 610.021 1.3303 1.40058 0.059529 -5.88736 
350.617 1.2482 1.3295 0.047291 -5.71251 398.159 1.28139 1.43343 0.089474 -5.94672 
298.129 1.22044 1.11059 0.032168 -5.13529 569.513 1.31282 1.3208 0.053751 -5.71463 
331.531 1.23489 1.10451 0.032036 -5.13114 286.034 1.20903 1.30027 0.044951 -5.56969 

294.38 1.20909 1.16187 0.035971 -5.2506 402.834 1.25361 1.16059 0.039611 -5.29582 
343.927 1.24109 1.12815 0.03509 -5.20921 389.888 1.24975 1.20675 0.041513 -5.39758 
290.072 1.20906 1.16367 0.036297 -5.25579 349.772 1.23585 1.31508 0.048951 -5.68011 
308.336 1.21333 1.15891 0.035535 -5.24532 269.67 1.18978 1.27243 0.043868 -5.48369 
641.985 1.32658 1.01595 0.025498 -4.97171 445.151 1.27408 1.12156 0.035839 -5.21681 

 

System validations (4) – five variables 

Table 6. System validations (4) result – five variables 

k α  𝑙𝑙0 initial y velocity 
x Objective1 Objective2 k α  𝑙𝑙0 initial y velocity 

x Objective1 Objective2 

573.534 1.25292 1.95651 1.55697 10 0.056358 -11.0201 645.643 1.35219 1.36741 1.32113 5.74377 0.030466 -5.76839 
497.14 1.14231 1.61707 0.969115 9.43202 0.068959 -11.7659 549.089 1.25292 1.75655 1.55686 10 0.044366 -10.3995 

585.611 1.28825 1.78637 1.6359 9.96634 0.040848 -10.2522 564.179 1.25186 1.77272 1.53722 10 0.046346 -10.5119 
558.901 1.27938 1.63528 1.52924 9.99731 0.038854 -10.1464 645.602 1.28573 1.47734 1.50797 9.99888 0.033451 -9.98022 
520.605 1.24026 1.73301 1.52397 10 0.042598 -10.4252 564.179 1.25186 1.79969 1.53722 10 0.048038 -10.6231 
401.133 1.27228 1.60975 1.56023 9.95605 0.030261 -9.92331 540.673 1.25292 1.7658 1.5684 10 0.043232 -10.3876 
553.181 1.25439 1.79807 1.55697 10 0.04624 -10.5204 616.719 1.2895 1.60738 1.50847 10 0.039494 -10.1425 
540.673 1.25292 1.7658 1.55697 10 0.044198 -10.43 335.987 1.25044 1.71627 1.59818 10 0.034958 -10.1271 
615.722 1.27938 1.62403 1.5105 10 0.039995 -10.1694 594.927 1.25292 1.76377 1.54299 10 0.046185 -10.4726 
591.633 1.2371 1.78721 1.416 10 0.054886 -11.0098 634.903 1.25284 2 1.43396 10 0.069295 -11.6094 
564.815 1.25186 1.80588 1.5424 10 0.047136 -10.6249 583.814 1.25119 1.72404 1.51303 10 0.045652 -10.4491 
574.792 1.23159 1.97221 1.35998 10 0.069715 -11.8044 507.205 1.17831 2 0.989421 10 0.213308 -13.774 
566.196 1.25309 1.90894 1.55729 10 0.052981 -10.8781 561.15 1.24051 1.85827 1.48708 10 0.053867 -10.9656 
520.605 1.24026 1.78505 1.52397 10 0.04666 -10.5881 571.473 1.17769 2 0.803903 9.87749 0.266967 -15.0237 
675.101 1.33701 1.60217 1.54367 10 0.032402 -10.0616 718.103 1.25311 1.89045 1.19926 10 0.197205 -12.2988 
601.201 1.17831 2 0.803903 10 0.265691 -15.2111 401.133 1.2699 1.60975 1.56023 9.95605 0.030616 -9.92033 
632.091 1.27534 1.66838 1.51117 10 0.041457 -10.3246 521.331 1.20622 1.61374 1.35663 10 0.047414 -10.6033 
535.856 1.2895 1.60738 1.533 10 0.033152 -10.0644 651.807 1.24901 1.97221 1.33968 9.97449 0.075226 -11.8824 
566.196 1.25259 1.64037 1.47166 10 0.041496 -10.3344 685.777 1.25202 1.89738 1.3805 9.99754 0.068324 -11.5171 
335.987 1.25055 1.71627 1.59818 10 0.03317 -10.1272 558.901 1.24516 1.72614 1.48606 9.99731 0.046803 -10.5326 
590.567 1.24527 1.89295 1.47402 10 0.058001 -11.1259 586.609 1.25748 2 1.53919 10 0.060777 -11.21 
614.552 1.25311 1.73181 1.50386 10 0.045527 -10.5098 514.192 1.28573 1.55076 1.51407 10 0.031397 -9.96098 
597.125 1.24051 1.82056 1.45652 10 0.053837 -10.9701 568.849 1.36951 1.36741 1.32113 4.66071 0.027909 -4.70388 
514.192 1.28573 1.54149 1.51407 10 0.030294 -9.97057 580.214 1.23161 1.93947 1.36832 10 0.069479 -11.6695 
587.278 1.14751 1.90195 0.599218 9.43259 0.271817 -16.0683 567.022 1.25288 1.64037 1.47166 10 0.042738 -10.3387 
525.008 1.20622 1.61241 1.34836 10 0.047483 -10.6417 554.909 1.24578 2 1.53868 10 0.060551 -11.2031 
566.196 1.25288 1.64037 1.47166 10 0.042474 -10.3347 543.718 1.24164 1.89292 1.53427 10 0.053561 -10.9013 
693.193 1.23059 1.57002 1.27649 10 0.052127 -10.8512 573.454 1.28854 1.52754 1.50588 10 0.031942 -9.96495 
589.083 1.2408 1.78674 1.45415 9.9982 0.052826 -10.8691 626.757 1.25292 1.92612 1.46323 10 0.062322 -11.2759 
558.305 1.25047 1.837 1.55697 9.99809 0.048736 -10.6655 469.684 1.23769 1.59933 1.45114 10 0.040557 -10.2389 
655.678 1.20883 2 0.903743 10 0.172576 -14.4214 501.988 1.17831 2 0.989421 10 0.220747 -13.769 
595.954 1.24047 1.89071 1.43506 9.9965 0.060182 -11.2602 595.947 1.36951 1.47969 1.47326 5.21849 0.030929 -5.17805 
559.38 1.23995 1.87237 1.48277 9.99598 0.055126 -11.0188 718.103 1.25311 1.89045 1.24923 10 0.125894 -12.0635 

514.192 1.15945 1.46573 1.18224 10 0.04927 -10.7885 570.703 1.28573 1.54149 1.51407 10 0.031437 -9.95281 
590.679 1.23995 1.71993 1.45114 10 0.048854 -10.6748 584.965 1.23995 2 1.3073 9.98305 0.183569 -12.0988 
655.002 1.25284 2 1.34815 10 0.075222 -11.962 655.678 1.25292 2 1.24923 10 0.199432 -12.4004 
561.15 1.24051 1.81522 1.48708 10 0.051231 -10.8351 683.333 1.25904 2 1.38271 10 0.075761 -11.8246 

525.149 1.30883 1.58166 1.5439 10 0.030542 -9.97538 772.607 1.26594 1.91068 1.34079 10 0.074343 -11.7387 
555.546 1.25236 1.47895 1.35321 10 0.040054 -10.2227 575.882 1.24686 2 1.48525 10 0.064428 -11.4 
546.207 1.23455 1.91423 1.46744 10 0.058024 -11.1998 720.372 1.25549 1.89045 1.34873 10 0.071626 -11.6341 
655.904 1.15945 1.4558 1.00028 10 0.062119 -11.6752 667.652 1.2895 1.60738 1.50121 10 0.040457 -10.1633 
586.238 1.24212 1.91423 1.46744 10 0.06013 -11.2135 552.833 1.23455 1.94845 1.44784 10 0.062456 -11.3783 
555.524 1.23995 1.87237 1.48277 9.99598 0.054932 -11.0167 592.381 1.32188 2 1.89622 10 0.038153 -10.1254 
573.534 1.23829 1.90116 1.45818 10 0.059652 -11.203 464.955 1.26661 1.61322 1.52901 9.98687 0.035021 -10.0508 
657.173 1.19891 1.53551 1.17976 10 0.056581 -11.1188 573.791 1.252 2 1.51085 10 0.062356 -11.3062 
520.605 1.24087 1.75482 1.52569 10 0.044921 -10.4846 592.381 1.32188 1.86417 1.89622 10 0.033764 -9.97549 
469.684 1.23995 1.59914 1.45114 10 0.040353 -10.2424 564.509 1.24361 2 1.53868 10 0.062202 -11.2057 
573.534 1.21073 1.95651 1.17113 10 0.080439 -12.6164 634.903 1.25292 2 1.43396 10 0.069587 -11.6094 
624.595 1.36951 1.49066 1.48339 5.7775 0.027446 -5.7594 634.903 1.25292 1.99858 1.46219 10 0.068909 -11.4987 
551.394 1.25121 1.64037 1.47166 10 0.042597 -10.3358 624.672 1.25292 1.97468 1.45417 10 0.066586 -11.4542 
565.739 1.23988 1.83362 1.47663 9.99907 0.053355 -10.9272 529.554 1.24361 1.90894 1.6014 10 0.050513 -10.7252 
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556.659 1.23455 1.94619 1.44784 10 0.061675 -11.3727 568.798 1.25656 1.68034 1.51719 10 0.042075 -10.3087 
563.689 1.23988 1.83362 1.4768 9.98581 0.053708 -10.9122 621.015 1.25292 1.97468 1.45417 10 0.066324 -11.4535 
645.643 1.36951 1.36741 1.32113 5.21849 0.028709 -5.26513 573.534 1.25292 1.89264 1.57009 10 0.051478 -10.7912 
587.351 1.24527 1.89295 1.47883 10 0.057522 -11.1077 560.306 1.27914 1.70331 1.56766 10 0.041142 -10.2295 
629.988 1.36951 1.49066 1.48339 5.59643 0.030105 -5.56214 573.534 1.23829 1.86242 1.49555 10 0.055627 -10.9524 
573.534 1.23829 1.86242 1.45818 10 0.056649 -11.0851 685.777 1.25202 1.89738 1.3805 9.99754 0.069455 -11.5171 
568.05 1.25292 1.98102 1.55697 10 0.056896 -11.089 535.856 1.2895 1.60738 1.53041 10 0.035739 -10.0716 

552.833 1.23159 1.85441 1.45114 10 0.056589 -11.0787 607.515 1.25311 1.73181 1.50467 10 0.046692 -10.5054 
601.676 1.23995 2 1.3073 10 0.12423 -12.1224 491.7 1.25201 2 1.70999 10 0.049139 -10.6345 
540.673 1.25292 1.78182 1.5684 10 0.045038 -10.4382 543.918 1.27938 1.62403 1.52816 9.99667 0.036453 -10.1126 
682.817 1.25325 1.89738 1.3805 9.9965 0.068219 -11.5153 597.538 1.23995 1.89408 1.45415 9.9982 0.060724 -11.2019 
600.019 1.25292 2 1.4768 10 0.064534 -11.4383 575.083 1.25292 1.80212 1.55697 10 0.047425 -10.5498 
564.509 1.24209 2 1.45657 10 0.064618 -11.504 580.526 1.25292 1.94494 1.54299 10 0.057235 -11.0359 
546.207 1.23455 1.91423 1.46744 10 0.058593 -11.1998 682.817 1.25325 1.93442 1.3805 10 0.070544 -11.6326 
552.833 1.23455 1.94845 1.44784 10 0.062341 -11.3783 563.059 1.25334 1.844 1.55697 10 0.04944 -10.6891 
682.817 1.25325 1.86936 1.3805 9.9965 0.064443 -11.4273 597.555 1.24928 1.86861 1.50767 10 0.054569 -10.9359 
581.941 1.24834 2 1.4768 9.98581 0.063694 -11.4184 569.938 1.25292 1.98102 1.55697 10 0.057612 -11.0895 
548.389 1.23576 1.91423 1.46744 9.99586 0.05826 -11.196 529.554 1.27914 1.70331 1.6014 10 0.037366 -10.1161 
582.876 1.23874 1.87237 1.45114 10 0.058134 -11.1442 534.85 1.25033 2 1.59382 10 0.055914 -11.0095 
552.833 1.23159 1.7717 1.45114 10 0.051445 -10.8232 581.155 1.24686 1.76544 1.48525 10 0.050002 -10.696 
583.814 1.23995 1.7717 1.45114 10 0.051457 -10.8331 574.338 1.25186 1.81774 1.55697 10 0.048344 -10.616 
598.378 1.23585 1.78721 1.416 10 0.055309 -11.0131 501.309 1.25208 1.75313 1.56023 9.95605 0.043323 -10.334 
564.013 1.25292 1.95651 1.55697 10 0.056131 -11.0167 587.278 1.24361 1.90195 1.46933 10 0.059017 -11.1695 
643.158 1.25418 2 1.35163 10 0.122978 -11.9435 555.995 1.24209 1.62226 1.45657 10 0.042702 -10.3126 
558.305 1.25047 1.87451 1.55697 10 0.051432 -10.7769 592.381 1.32188 1.87901 1.89622 10 0.032432 -9.96344 
509.854 1.2895 1.60738 1.58823 10 0.032081 -9.97304 573.534 1.25292 1.81235 1.55697 10 0.048063 -10.5993 
563.059 1.25334 1.844 1.55697 10 0.049385 -10.6891 566.036 1.25186 1.80588 1.55697 10 0.047796 -10.5621 
561.807 1.24902 1.47895 1.35321 10 0.04045 -10.2144 592.212 1.24527 1.88751 1.47883 10 0.058019 -11.0933 
561.15 1.24051 1.81522 1.48708 10 0.051639 -10.8351 630.396 1.24594 1.76331 1.44161 9.98164 0.05299 -10.8355 

582.064 1.25394 1.89294 1.58489 10 0.051399 -10.747 583.814 1.23995 1.7717 1.45114 10 0.052092 -10.8331 
492.649 1.25066 1.98102 1.65842 10 0.050091 -10.7366 590.855 1.28825 1.7517 1.61483 9.97658 0.04066 -10.2225 
537.127 1.24026 1.82812 1.53667 10 0.049577 -10.7008 590.92 1.25682 2 1.54491 10 0.06009 -11.1921 
590.92 1.25748 2 1.53919 10 0.061133 -11.2109 569.44 1.25641 1.7368 1.53388 10 0.045818 -10.4243 

655.678 1.25292 2 1.24923 10 0.199299 -12.4004 578.014 1.28573 1.52135 1.50797 9.99861 0.032908 -9.9661 
601.253 1.25186 1.78885 1.52354 10 0.049175 -10.6457 585.058 1.23995 1.87237 1.45114 9.99598 0.058204 -11.1404 
573.454 1.25013 1.86861 1.52697 10 0.052901 -10.8635 590.085 1.25748 1.98621 1.53919 10 0.059722 -11.1718 
576.266 1.25013 1.86861 1.52697 10 0.052922 -10.8643 520.605 1.24026 1.75084 1.52763 10 0.046603 -10.4642 
627.182 1.22673 1.6781 1.33601 10 0.054214 -10.9691 585.427 1.24928 1.82778 1.50767 10 0.051871 -10.8103 
558.305 1.25186 1.77968 1.55697 10 0.045869 -10.4667 555.259 1.25292 1.75496 1.55697 10 0.044576 -10.3968 
558.305 1.25263 1.85286 1.58062 10 0.048587 -10.6384 650.697 1.25186 1.81924 1.44483 10 0.056794 -11.0222 
509.854 1.2895 1.60738 1.52102 10 0.034934 -10.1009 573.534 1.25679 2 1.55697 10 0.058463 -11.1452 
573.534 1.25292 1.82229 1.55697 10 0.048339 -10.629 524.075 1.24979 1.7658 1.5684 10 0.044076 -10.3863 
566.196 1.25259 1.64037 1.47166 10 0.041678 -10.3344 579.893 1.25244 1.89507 1.55697 10 0.053552 -10.8432 
515.751 1.25186 1.66838 1.51117 10 0.041645 -10.2861 495.091 1.22673 1.6781 1.49008 10 0.043838 -10.3447 
544.351 1.28573 1.52135 1.50797 9.99861 0.032674 -9.97437 573.916 1.25292 1.94494 1.5496 10 0.056303 -11.0115 
683.333 1.25904 1.98084 1.38271 10 0.073275 -11.7665 566.196 1.25259 1.63367 1.45875 10 0.043922 -10.3621 
464.955 1.26661 1.61424 1.52901 9.96665 0.034577 -10.0335 616.838 1.23762 1.6078 1.416 10 0.045095 -10.4089 
566.036 1.25186 1.80588 1.55697 10 0.047371 -10.5621 682.817 1.2531 1.93442 1.3805 10 0.071329 -11.6326 
615.722 1.27938 1.62403 1.5105 9.99731 0.040438 -10.1664 561.15 1.24051 1.69872 1.48708 10 0.046246 -10.4469 

 

Appendix 2 – Simulation code (Matlab code) 

Running simulator 

%////////////////////////////////////////////////////// 
% Main program 
%  
% Coded by Byeonggi Yu 
% Contact - ybg5437@gmail.com 
%////////////////////////////////////////////////////// 
clear all;clc; 
tic 
format long 
global k m l0 g 
%initial condition 
% k(z(1)),alpha(z(2)),l0(z(3)),y1(z(4)),dx(z(5)) 
  
%RK4,5 condition 
step_size=0.001; 
h=step_size; 
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%Precalculation data 
t_=100; %time span 
DOF=2; %degree of freedom 
t=[0:step_size:t_]; 
t=t'; 
  
  
%initial condition 
g=9.81;                          
m=1 ; 
k= 783.668; 
alpha=1.3409; 
l0=1; 
y1=1; 
dx=5; 
  
  
%state_variable = 0 (flight)  
%state_variable = 1 (stance) 
state_variable=0; 
tt=zeros(1,length(t)); 
tt(1)=state_variable; 
count=0; 
count_=0; 
  
%position(x,y),velocity(x,y) 
x=zeros(2*DOF,length(t)); 
x(:,1)=[0;y1;dx;0]; 
  
%initial assignment for RK4 
k_=0; 
x0=zeros(1,length(t)); 
y0=zeros(1,length(t)); 
x0(1)=x(1,1)+l0*cos(alpha); 
y0(1)=x(2,1)-l0*sin(alpha); 
temp=0; 
temp_=0; 
j=0; 
a=@robot; 
u=0; 
gg=0; 
ii=0; 
%% 
for i=1:size(t,1) 
     
%     Verify phase of system 
      state_variable_b=state_variable; 
      
state_variable=state_verify(x(1,i),x(2,i),x0(1,i),y0(1,i),l0,alpha,s
tate_variable); 
      tt(i)=state_variable;    
       
%///////////////////////////////////////////////////////////////////  
%RK4 method for time discrete dynamic system  
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    k1=a(t(i),x(1:2*DOF,i),x0(1,i),y0(1,i),state_variable);    
    temp= x(1:2*DOF,i)+k1*step_size/2;     
    k2=a(t(i)+step_size/2,temp,x0(1,i),y0(1,i),state_variable);     
    temp= x(1:2*DOF,i)+k2*step_size/2;     
    k3=a(t(i)+step_size/2,temp,x0(1,i),y0(1,i),state_variable);     
    temp= x(1:2*DOF,i)+k3*step_size;     
    k4=a(t(i)+step_size,temp,x0(1,i),y0(1,i),state_variable);     
    x(1:2*DOF,i+1)=x(1:2*DOF,i)+1/6*(k1+2*k2+2*k3+k4)*h; 
%/////////////////////////////////////////////////////////////////// 
        %x0, y0 position   
        %stance phase 
        if state_variable==1 
            x0(1,i+1)=temp_;        
            y0(1,i+1)=0; 
            dxl=x(1,i+1)-x0(1,i+1); 
            dyl=x(2,i+1)-y0(1,i+1);            
        end 
         
        %flight phase 
        if state_variable==0 
            if x(4,i+1)<0 
                x0(1,i+1)=x(1,i+1)+l0*cos(alpha);        
                y0(1,i+1)=x(2,i+1)-l0*sin(alpha); 
                temp_=x0(1,i+1); 
            else 
                x0(1,i+1)=x(1,i+1)-dxl;       
                y0(1,i+1)=x(2,i+1)-dyl; 
            end         
        end 
         
  
  
%/////////////////////////////////////////////////////////////////// 
  
        %step count 
        if (state_variable_b==1)&&(state_variable==0) 
            count=count+1; 
        end 
     
        %break condition 
        %step number 
        if count>5 
            break             
        end 
         
 
        %fall down 
        if x(2,i+1)<0 
            break             
        end 
         
        if i>3 
        %scuffing  
        if (tt(i-2)==1)&&(tt(i-1)==0)&&(tt(i)==1) 
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            break             
        end 
        end 
         
end 
toc 
 

 

%////////////////////////////////////////////////////// 
% State space equation 
%  
% Contact - ybg5437@gmail.com 
%////////////////////////////////////////////////////// 
function xdot = robot(t,x,x0,y0,a) 
global k m l0 g 
%/////////////////////////////////////////////////////////////////// 
%Desired trajectory 
d_traj = traj(t); 
%/////////////////////////////////////////////////////////////////// 
  
%phase1 - flight phase 
M1 =[[ m,      0] 
[      0, m]]; 
  
V1 =[[0] 
 [0]]; 
   
G1 =[[0] 
 [g*m]]; 
  
%phase2 -compress&stretch phase 
M2 =[[ m,      0] 
[      0, m]]; 
  
V2 =[[0] 
 [0]]; 
  
G2 =[[k*x(1) - k*x0 + (k*l0*x0)/(x0^2 - 2*x0*x(1) + x(1)^2 … 
+ x(2)^2)^(1/2) - (k*l0*x(1))/(x0^2 - 2*x0*x(1) + x(1)^2 … 
+ x(2)^2)^(1/2)][g*m + k*x(2) - (k*l0*x(2))/(x0^2 - 2*x0*x(1) + 
x(1)^2 + x(2)^2)^(1/2)]]; 
  
  
 
%dynamic change condition 
    if a==1 
        %stance phase 
        M=M2; 
        V=V2; 
        G=G2;   
    end 
    if a==0 
        %flight phase 
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        M=M1; 
        V=V1; 
        G=G1; 
    end 
  
% PD gain 
    if a==1 
        %stance phase 
        Kp1=20; 
        Kp2=20; 
        Kv1=0.4; 
        Kv2=0.4;   
    end 
    if a==0 
        %flight phase 
        Kp1=0; 
        Kp2=0; 
        Kv1=0; 
        Kv2=0; 
    end 
  
% calculating error 
err_p(1)=d_traj(1)-x(1); 
err_p(2)=d_traj(2)-x(2); 
err_v(1)=d_traj(3)-x(3); 
err_v(2)=d_traj(4)-x(4); 
  
  
% PD 
control= [Kp1*err_p(1);Kp2*err_p(2)]... 
        +[Kv1*err_v(1);Kv2*err_v(2)]; 
control_=M*control; 
 
% output of function 
xdot = [x(3:4) ; inv(M)*(control_-(V+G))]; 
    
%////////////////////////////////////////////////////// 
% State verification 
%  
% Contact - ybg5437@gmail.com 
%////////////////////////////////////////////////////// 
function state=state_verify(x,y,x0,y0,l0,alpha,a) 
  
 
        %flight phase -> stance phase 
        if y<=l0*sin(alpha)&&~a 
            state=1; 
             
        %stance phase -> flight phase 
        elseif ((x-x0)^2+(y-y0)^2)^0.5>l0&&a 
            state=0;     
        else  
            state=a; 
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        end 
  
end 
 
 
%////////////////////////////////////////////////////// 
% Trajectory 
%  
% Contact - ybg5437@gmail.com 
%////////////////////////////////////////////////////// 
function qdes=traj(t) 
qdes = [t*5,2,5,0]; 
 
 

NSGA II 

Berkeley Software Distribution (briefly, BSD) licenses are a family of permissive free software licenses, 

imposing minimal restrictions on the redistribution of covered software. 

Covered by BSD license. 

http://www.mathworks.com/matlabcentral/fileexchange/31166-ngpm-a-nsga-ii-program-in-matlab-v1- 

 

K-means clustering 

Covered by BSD license. 

http://www.mathworks.com/matlabcentral/fileexchange/24616-kmeans-clustering  
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요약문 

 

 

 

 

소프트 컴퓨팅을 이용한 달리기 로봇 다리 디자인 매개변수의 

파레토 근 구하기  

본 논문은 달리기 다리 모델을 이용하여 하드웨어, 소프트웨어 동시 디자인 방법을 제시 

할 것이다. 이 방법은 소프트웨어 매개변수를 고려한 하드웨어 최적화를 보여 줄 것이다. 

비지배 분류 유전알고리즘 II, K 평균 알고리즘, 그리고 사전 지식을 이용하여 최적화가 

수행되었다. 비지배 분류 유전알고리즘 II는 비선형 모델의 광역 최소값을 찾기 위해 사용되는 

최적화 테크닉이다. 군집 생성, 평가, 교배, 그리고 돌연변이를 이용하여 광역 범위에서 국소 

최소값에 빠지지 않고 다목적 함수에 대해서 해를 구할 수 있는 방법이다. K 평균 알고리즘은 

주어진 샘플에서 중요한 요소를 뽑아내거나 데이터 압축을 위해서 사용되는 방법이다. 사전 

지식 같은 경우 안정성과 성능에 관한 직관적 방법을 이용하여 수식을 제시하는데 사용되었다. 

제시된 최적화 방법의 유효성 검증과 중요한 디자인 매개변수를 찾기 위해서 시스템 검증이 

수행되었다. 계산된 디자인 매개변수를 이용하여 디자인 매개변수 자체의 검증도 역시 수행 

되었으며 가설이 이러한 하드웨어 소프트웨어를 동시 고려한 방법과 준 평행 설계 프로세스의 

유효성을 지지하였다. 비록 사용한 최적화 방법과 모델이 간단하고 제약이 많았지만, 달리기 

로봇의 다리의 설계 매개변수를 이용하여 동시 설계의 중요성의 지지를 보여주었다.  
 

 

 

 

핵심어: 최적화, 동시 디자인, 스피링 질량 모델, 비지배 분류 유전알고리즘 II, K 평균 

알고리즘  
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