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ABSTRACT 

PI controller has been widely used in various industrial fields and played important role of eliminating 

the tracking error. In PI controlled system with saturation actuator, method called “Anti-windup” has been 

used for avoiding undesirable phenomenon such as performance degradation, instability, and windup [2-3]. In 

PI controlled systems with anti-windup, tracking loss due to measurement noise has been recently discovered, 

where measurement noise persistently triggers anti-windup mechanism in a certain operation range that result 

in non-zero steady state tracking error, which was called “Noise Induced Tracking Error (NITE)” [10]. Such a 

system was analyzed under both zero-mean Gaussian noise and quantification of the tracking loss is given in 

terms of system parameters and noise standard deviation.  

In this work, we show that NITE could occur in all PI controlled systems if both anti-windup and meas-

urement noise exist, regardless of anti-windups. We also extend the existing results to a case with uniformly 

distributed noise. Using stochastic averaging approach, we quantify the noise induced tracking error with re-

spect to system parameters and noise characteristics, and shows that the phenomenon of tracking loss occurs 

with uniformly distributed noise as well. Conditions under which the tracking loss occurs are derived. The 

result is compared with that under zero mean Gaussian noise with the same level of standard deviation. 

We suggest two solutions to prevent NITE. One method is using a virtual saturation. We explain how 

effective the virtual saturation to mitigate NITE. An analysis of internal stability based on linear matrix ine-

qualities is conducted on the system with a virtual saturation. The other method is changing static P gain to 

dynamic P gain. Dynamic P gain plays the role of eliminating an effect of noise in the systems. The result 

shows that NITE does not occur due to the two solutions. We also show the differences between two solutions. 

 

Keywords: Noise induced tracking error, Saturating actuator, PI control, Anti-windup, Measurement noise 
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Ⅰ. INTRODUCTION 

 

 

1.1 Motivation 

 

In linear systems, proportional-integral (PI) controller is used in various industrial applications and one 

of necessary methods for eliminating tracking error. It is however, required to consider nonlinear effects 

because saturation actuator is present in most of all systems [1]. In the case of PI controlled systems 

with saturation actuator, the phenomenon called Windup occurs due to controller with integral action 

and have adverse effects such as instability, and performance degradation on the systems [2-3]. 

In order to mitigate the phenomenon of windup, Anti-windup strategies can be used in the systems [4-

6]. Various anti-windup strategies has been researched and used widely in industrial fields [7-10]. 

Recently, In PI controlled systems with anti-windup called back-calculation [11], tracking loss due to 

measurement noise has been discovered, where measurement noise persistently triggers anti-windup 

mechanism in a certain operation range that result in non-zero steady state tracking error. This non-zero 

steady state tracking error was named Noise-Induced Tracking Error (NITE) [10].  

In this work, we shows that NITE could occur in all systems with integral controller if both anti-windup 

and measurement noise exist, regardless of anti-windups. This fact means that NITE is one of new prob-

lems and important issue in many different fields, where control system can be used. 

 

1.2 Purpose  

 

In this paper, we show that NITE occurs in PI controlled systems with anti-windup structures shown in 

[12-13] and then the quantification of the tracking error is given in terms of system parameters and noise 

standard deviation by using stochastic averaging theory introduced in [14]. Such a system is analyzed 

under both zero-mean Gaussian noise and uniformly distributed noise and NITE caused by Gaussian 

noise is compared with that caused by uniformly distributed noise.  

In order to mitigate NITE, some solutions are required. We suggest two solutions to avoid the phenom-

enon of NITE. One solution is a virtual saturation, which has a larger value of saturation bound than that 

of actual saturation actuator bound. By using stochastic averaging theory, we quantify NITE in terms of 

PI controlled systems with the virtual saturation and compare it with PI controlled systems without the 

virtual saturation.  
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In addition, we suggest a method determining a stability of the systems with a virtual saturation based 

on Linear Matrix Inequalities (LMI). The other solution is transforming static proportional gain into 

dynamic proportional gain of controller. Both of two solutions is useful methods to prevent NITE. We 

compare these two solutions and show some characteristics of each of them by using MATLAB simu-

lation.  

 

1.3 Outline 

 

The outline of this paper is as follows: the problem statement is given in Chapter Ⅱ. The analysis for 

the systems is carried out using stochastic averaging theory and the result of a case with uniformly 

distributed noise is compared with that of a case with Gaussian noise in Chapter Ⅲ. Key solutions to 

Noise Induced Tracking Error are provided in Chapter Ⅳ. In chapter Ⅴ, we show that NITE occurs 

by using a specific system. Conclusion is given in Chapter Ⅵ.  
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Ⅱ. Problem statement 

 

 

2.1 Anti-windups 

 

Figure 1 shows the PI controlled systems subject to actuator saturation. P(s) is the plant, ܭ௣ and 

 ௜ are proportional gain, and integral gain. The signals r, e, y, n, d, u are, respectively, reference, trackingܭ

error, output, measurement noise, disturbance, and control input. sat஑
ஒሺݑሻ is saturation actuator, which 

is in the first position of the system to be controlled commonly in most previous researches [4][15-17] 

and defined by  

 

 

sat஑
ஒሺݑሻ ൌ ൝

α,									u ൏ α
β,									u ൐ β

			u,					α ൑ u ൑ β
                            (1)

 

 

 

Figure 1. PI controlled systems with saturation actuator 

 

 

There are various anti-windup strategies in order to avoid adverse effects due to actuator saturation. 

We show anti-windup structures applicable to PI controlled systems in Figures 2(a), (b), (c) and (d). 

Anti-windup structures of Figure2 (a), (b), and (c) are, respectively, called back-calculation, dynamic 

full authority, and dynamic external global. ܭ஺ௐ is anti-windup gain, which is marked as ܭ஺ௐ,ଵand 
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 ሻ mean dynamic blocks ofݏ஺ௐ,ଶሺܭ ஺ௐ,ଵሺsሻ andܭ .஺ௐ,ଶ in order to distinguish between themselvesܭ

anti-windup gains. Figure 2 (a) shows the anti-windup gain affect to the control system by injecting their 

output signals into the state of integral controller. Figure 2 (b) shows the anti-windup blocks affect to 

the control system by injecting their output signals into both the controller output and the state of integral 

controller. Figure 2 (c) also, shows that the control system is affected by anti-windup blocks only at the 

input and output.  

Anti-windup structure of Figure 2 (d) is introduced in [13] and the system of Figure 2 (d) is equiv-

alent to PI controlled system. Unlike anti-windup structures of Figures 2 (a), (b) and (c), the system of 

Figure 2 (d) involves anti-windup without specific anti-windup gain such as ܭ஺ௐ. 

 

 

 

Figure 2 (a). PI system with back-calculation anti-windup 

 

 

 

Figure 2 (b). PI system with dynamic full authority anti-windup 
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Figure 2 (c). PI system with dynamic external global anti-windup 

 

 

 

Figure 2 (d). PI system with anti-windup referred to [13] 

 

 

In Chapter Ⅲ, we show that NITE could occur in all PI controlled systems with anti-windup struc-

tures through the Figures 2 (a), (b), (c), and (d) and quantify NITE in terms of the characteristic of both 

the system parameters and measurement noise.  

 

 

2.2 Gaussian noise and uniformly distributed noise 

 

The quantification of NITE is provided in terms of the system parameters and noise standard devi-

ation of ߪ௡. It is therefore necessary to define the properties of measurement noise. In this section, we 

cover both Gaussian distributed noise and uniformly distributed noise. Figures 3 (a) and (b) show the 

characteristics of Gaussian distributed noise and uniformly distributed noise respectively. 

When the average value of Gaussian distributed noise is zero, the Gaussian probability density 
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function (pdf) is defined by  

 

 

݂ሺ݊ሻ ൌ
ଵ

√ଶగఙ೙
݁
ష
೙మ

మ഑೙
మ

                                 (2)

 

 

The Gaussian probability curve shown in Figure 3 (a) describes the noise more prone to occur near 

zero. The Gaussian probability density function is the famous function most commonly used for the 

description of noise and random signal sources, because it has convenient properties in all of science 

and mathematics [18-20]. The Gaussian probability density function is however, not a perfect to explain 

a realistic noise, because the value of noise variable n is infinite. 

On the other hand, The uniformly distributed noise follows the uniform probability density function, 

which limits the value of noise variable n to the interval (െߪ௡√3, ߪ௡√3) and is defined by  

 

 

݂ሺ݊ሻ ൌ ቐ

ଵ

ଶఙ೙√ଷ
																			for		|݊| ൑ ௡√3ߪ

.
݁ݏ݈݁																																					0

                      (3)

 

 

The value of noise variable into that interval are equally likely to occur unlike the case of Gaussian 

distributed noise [21]. Therefore, the uniformly distributed noise is more useful rather than the Gaussian 

distributed noise if we know the value of noise standard deviation of ߪ௡ exactly. 
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Figure 3 (a). Probability density function of Gaussian distributed noise  

 

 

 

 

 

 

 

 

 

Figure 3 (b). Probability density function of uniformly distributed noise 
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Ⅲ. Analysis 

 

 

3.1 Transforming the system using stochastic averaging theory 

 

Before analyzing the PI controlled systems with anti-windups shown in Figures 2 (a), (b), (c), and 

(d). In order to analyze the systems of Figures 2 (a), (b), (c), and (d), the systems of those can be trans-

formed into that of Figures 4 (a), (b), (c), and (d) respectively. The saturation actuator, sat஑
ஒሺuሻ is re-

placed with ݄ఈ
ఉ൫ݑത;   .௡൯ by applying stochastic averaging theory [14]ߪ௣ܭ

 

 

 

Figure 4 (a). Averaged version of system in Figure 2 (a) 

 

 

 

Figure 4 (b). Averaged version of system in Figure 2 (b) 
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Figure 4 (c). Averaged version of system in Figure 2 (c) 

 

 

 

Figure 4 (d). Averaged version of system in Figure 2 (d) 

 

 

The function ݄ఈ
ఉ൫ݑത;  ௡൯ of the systems of Figures 4 (a), (b), (c), and (d) is defined differentlyߪ௣ܭ

depending on distribution characteristics of measurement noise. In the next section, we explain the 

meaning of the function ݄ఈ
ఉ൫ݑത;  .௡൯ߪ௣ܭ

 

3.1.1 Case 1: Gaussian noise  

 

It is required to define the function ݄ఈ
ఉ൫ݑത;  ௡൯ depending on Gaussian distributed noise. Whenߪ௣ܭ

the systems of Figures 2 (a), (b), (c), and (d) have Gaussian distributed noise as shown in Figure 3 (a), 

the function ݄ఈ
ఉ൫ݑത;   :௡൯ is defined as belowߪ௣ܭ
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݄௚ఈ
ఉ൫ݑത;ܭ௣ߪ௡൯ ൌ

ߙ ൅ ߚ
2

൅
തݑ െ ߙ
2

erf ቆ
തݑ െ ߙ

௡ߪ௣ܭ2√
ቇ

െ
തݑ െ ߚ
2

erf ቆ
തݑ െ ߚ

௡ߪ௣ܭ2√
ቇ ൅

௡ߪ௣ܭ
ߨ2√

ቌ݁
ିቆ

௨ഥିఈ
√ଶ௄೛ఙ೙

ቇ
మ

െ ݁
ቆ

௨ഥିఉ
√ଶ௄೛ఙ೙

ቇ
మ

ቍ																																			ሺ4ሻ

 

 

Where, the function ݄௚ఈ
ఉ൫ݑത; ௡൯ indicates the function ݄ఈߪ௣ܭ

ఉ൫ݑത;  ,௡൯ of the systems of Figures 4 (a)ߪ௣ܭ

(b), (c), and (d) affected by a Gaussian distributed noise [10]. The function ݄௚ఈ
ఉ൫ݑത;  ௡൯ is defined asߪ௣ܭ

the conditional expected value of sat஑
ஒሺݑሻ with regard to Gaussian distributed noise ݊ and (4) can be 

obtained by calculating (5) [10]. 

 

 

݄௚ఈ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൌ න തݑ൫ݐܽݏ െ ௣݊൯ܭ

1

௡ߪߨ2√
݁
ష
೙మ

మ഑೙
మ݀݊

ஶ

ିஶ
																																															ሺ5ሻ

 

 

3.1.2 Case 2: uniformly distributed noise  

 

Similarly, the function ݄ఈ
ఉ൫ݑത;  .௡൯ should be defined depending on uniformly distributed noiseߪ௣ܭ

When the systems of Figures 2 (a), (b), (c), and (d) have uniformly distributed noise as shown in Figure 

3 (b), the function ݄ఈ
ఉ൫ݑത;   :௡൯ is defined as belowߪ௣ܭ

 

 

1) In case of ࢔࣌ ൏
૚

૜√࢖ࡷ
  

 

 

݄௨ఈ
ఉ൫ݑത;   ௡൯ is defined byߪ௣ܭ
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݄௨ఈ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ ߙ . . തݑ ൑ ߙ െ ௡√3ߪ௣ܭ

. . . .
൫௨ഥାఈା௄೛ఙ೙√ଷ൯

మ
ିସఈ௨ഥ

ଶ௄೛ఙ೙√ଵଶ
. . ߙ	 െ ௡√3ߪ௣ܭ ൏ തݑ ൑ ߙ ൅ ௡√3ߪ௣ܭ

……………………………… . . . …
തݑ . . ߙ ൅ ௡√3ߪ௣ܭ ൏ തݑ ൑ ߚ െ ௡√3ߪ௣ܭ
. . . .

ି൫௨ഥାఉି௄೛ఙ೙√ଷ൯
మ
ାସఉ௨ഥ

ଶ௄೛ఙ೙√ଵଶ
. ߚ െ ௡√3ߪ௣ܭ ൏ തݑ ൑ ߚ ൅ ௡√3ߪ௣ܭ

. . .
ߚ . ߚ ൅ ௡√3ߪ௣ܭ ൑ തݑ

		           (6)

 

 

2) In case of ࢔࣌ ൒
૚

૜√࢖ࡷ
  

 

 

݄௨ఈ
ఉ൫ݑത;   ௡൯ is defined byߪ௣ܭ

 

݄௨ఈ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ ߙ . . തݑ ൑ ߙ െ ௡√3ߪ௣ܭ

. . . .
൫௨ഥା௄೛ఙ೙√ଷ൯

మ
ାఈ൫ఈିଶ௨ഥାଶ௄೛ఙ೙√ଷ൯

ଶ௄೛ఙ೙√ଵଶ
……… . . ߙ	 െ ௡√3ߪ௣ܭ ൏ തݑ ൑ ߚ െ ௡√3ߪ௣ܭ

……………………………… . . . …
ఈ൫ఈିଶ௨ഥାଶ௄೛ఙ೙√ଷ൯ିఉ൫ఉିଶ௨ഥିଶ௄೛ఙ೙√ଷ൯

ଶ௄೛ఙ೙√ଵଶ
. . ߚ െ ௡√3ߪ௣ܭ ൏ തݑ ൑ ߙ ൅ ௡√3ߪ௣ܭ

. . . .
ି൫௨ഥା௄೛ఙ೙√ଷ൯

మ
ିఉ൫ఉିଶ௨ഥିସ௄೛ఙ೙√ଷ൯

ଶ௄೛ఙ೙√ଵଶ
…… . . . ߙ ൅ ௡√3ߪ௣ܭ ൏ തݑ ൑ ߚ ൅ ௡√3ߪ௣ܭ

. . .
ߚ . ߚ ൅ ௡√3ߪ௣ܭ ൑ തݑ

   (7)

 

 

Where, the function ݄௨ఈ
ఉ൫ݑത; ௡൯ indicates the function ݄ఈߪ௣ܭ

ఉ൫ݑത;  ௡൯ of the systems of Figures 4ߪ௣ܭ

(a), (b), (c), and (d) affected by uniformly distributed noise. The function ݄௨ఈ
ఉ൫ݑത;  ௡൯ is also, definedߪ௣ܭ

as the conditional expected value of sat஑
ஒሺݑሻ with regard to uniformly distributed noise ݊. Both (6) 

and (7) can be obtained by calculating (8). Unlike the case of Gaussian distributed noise, evaluating 

integral in (8) gives (6) and (7) depending on the values of the standard deviation of ߪ௡ of measurement 

noise.  

 

 

݄௨ఈ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൌ න തݑ൫ݐܽݏ െ ௣݊൯ܭ

1

௡√3ߪ2
݀݊

ఙ೙√ଷ

ିఙ೙√ଷ
																																																	ሺ8ሻ 
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To compare effects between Gaussian distributed noise and uniformly distributed noise, Figure 5 

shows the plot of ݄௚ఈ
ఉ൫ݑത; ௡൯ and ݄௨ఈߪ௣ܭ

ఉ൫ݑത; ௡ߪ .௡൯ߪ௣ܭ ൌ 0.1 is an arbitrary value that satisfy the 

condition ߪ௡ ൏
ଵ

௄೛√ଷ
 and ߪ௡ ൌ 0.3 is an arbitrary value that satisfy the condition ߪ௡ ൒

ଵ

௄೛√ଷ
. The 

functions ݄௚ఈ
ఉ൫ݑത; ௡൯ and ݄௨ఈߪ௣ܭ

ఉ൫ݑത;  .௡൯ are differently determined by noise characteristicsߪ௣ܭ

 

 

 

Figure 5. ݄௨ఈ
ఉ൫ݑത; ௡൯, ݄௚ఈߪ௣ܭ

ఉ൫ݑത; ఈݐܽݏ ௡൯, andߪ௣ܭ
ఉሺݑതሻ with α ൌ െ1, β ൌ 1 for ܭ௣ ൌ ௡ߪ ,5 ൌ 0.1 

and 0.3 

 

 

3.2 Quantifying NITE 

 

In order to analyze the phenomenon of NITE and figure out the amount of the steady state track-

ing error, we quantify NITE. Analyzing the systems of Figures 4 (a), (b), (c), and (d) provides the 

quantification of NITE given in (9). The derivation of (9) is provided in Appendix I.  
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݁̅௦௦ ൌ

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ ቀݑത௦௦ െ ݄ఈ

ఉ൫ݑത௦௦; ௔௪,ଵܭ௡൯ቁߪ௣ܭ
௜ܭ

							iሻThe	system	of	Figure	4	ሺaሻ

1
ቀݑത௦௦ െ ݄ఈ

ఉ൫ݑത௦௦; ௔௪,ଵሺ0ሻܭ௡൯ቁߪ௣ܭ

௜ܭ
				iiሻ	The	system	of	Figure	4	ሺbሻ

1
ቀݑത௦௦ െ ݄ఈ

ఉ൫ݑത௦௦; ௔௪,ଵሺ0ሻܭ௡൯ቁߪ௣ܭ iiiሻ	The	system	of	Figure	4	ሺcሻ

1
ቀݑത௦௦ െ ݄ఈ

ఉ൫ݑത௦௦; ௡൯ቁߪ௣ܭ

௣ܭ
																		ivሻ	The	system	of	Figure	4	ሺdሻ

																									ሺ9ሻ

 

 

Where, ݑത௦௦ and ݕത௦௦ are respectively, the steady state value of ݑത and ݕത, and ݁̅௦௦ is the steady state 

value of tracking error, which indicates the amount of NITE. ܭ௔௪,ଵሺ0ሻ is the d.c gain of ܭ௔௪,ଵ. Ac-

cording to (9), the result on ݁̅௦௦ gives the conditions under which NITE occurs and we realize that NITE 

occurs when two conditions must be satisfied at the same time.  

The first condition is about measurement noise. According to (9), NITE is never present without 

measurement noise, regardless of anti-windups. ݑത௦௦ െ ݄ఈ
ఉ൫ݑത௦௦;  ௡൯ approaches zero as the standardߪ௣ܭ

deviation of measurement noise goes to zero because the function ݄ఈ
ఉ൫ݑത;  ௡൯ is transformed intoߪ௣ܭ

sat஑
ஒሺݑതሻ. Thus, it can be shown that ݁̅௦௦ ≈ 0, which means that NITE hardly exists.  

The second condition is about the gains of anti-windup structures. In the systems without anti-

windup structures, NITE is not induced by measurement noise. This fact is very clear as you can see in 

(9). If ܭ௔௪,ଵ ൌ 0 or ܭ௔௪,ଵሺ0ሻ ൌ 0, ݁̅௦௦ ൌ 0 regardless of the system parameters and noise character-

istics such as integral gain, proportional gain, noise standard deviation, and distribution characteristics 

of measurement noise. As shown in (9), we figure out that NITE is not caused by ܭ௔௪,ଶሺݏሻ. In other 

word, anti-windup gains that act as a cause to occur NITE are only ܭ௔௪,ଵ and ܭ௔௪,ଵሺ0ሻ. 

Those two conditions show that NITE occurs if both measurement noise and anti-windup exist at 

the same time regardless of anti-windups. NITE is therefore, likely to occur in all PI controlled systems 

with anti-windup structures because measurement noise is inevitable.  

 

 

3.3 Example  

 

In this section, we show that NITE occurs in the PI controlled systems with anti-windup structures 

shown in Figures 4 (a), (b), (c), and (d) by using MATLAB simulation. The system parameters of Figures 

4 (a), (b), (c), and (d) are arbitrarily set to any values that do not make those systems unstable. The 
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system parameters are given in r = 0.9, ܭ஺ௐ,ଵ ൌ ሻܛ஺ௐ,ଵሺܭ ,1 ൌ
૚

ା૚࢙
ሻܛ஺ௐ,ଶሺܭ , ൌ

૚

ା૚࢙
 ,௣= 5ܭ ,௜= 3ܭ ,

d=0.01, P(s) ൌ
ଶ

ହ௦ାଶ
. The values of α and β for saturation actuator is -1 and 1 respectively. The simulation results 

are shown in Figure 5 and Figure 6. The standard deviations of measurement noise are set to ߪ௡ ൌ 0.1 and ߪ௡ ൌ

0.3 respectively because the function ݄௨ఈ
ఉ൫ݑത; -௡൯ is divided into two different definitions dependߪ௣ܭ

ing on the standard deviation of noise. As shown in Figures 6 and Figures 7, the values of ݁̅௦௦ depends 

on the standard deviation of measurement noise.  

When ߪ௡ ൌ 0.1, green solid line is the response of the systems of Figures 2 (a), (b), (c), and (d) 

and red dotted line is the response of the systems of Figures 4 (a), (b), (c), and (d). When ߪ௡ ൌ 0.3, blue 

solid line is the response of the systems of Figures 2 (a), (b), (c), and (d) and magenta dotted line is the 

response of the systems of Figures 4 (a), (b), (c), and (d). The outputs in Figure 6 and Figure 7 are 

specified as below. 
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Figure 6. The responses of the systems with (a) : Figure 2(a), (b) : Figure 2 (b), (c) : Figure 2 (c) and 

(d) : Figure 2 (d) under Gaussian noise. 
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Figure 7. The responses of the systems with (a) : Figure 2(a), (b) : Figure 2 (b), (c) : Figure 2 (c) and 

(d) : Figure 2 (d) under uniformly distributed noise. 
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These results show that the response of the systems of Figures 2 (a), (b), (c), and (d) are the same 

with those of Figures 4 (a), (b), (c), and (d). In other word, the systems of Figures 4 shows high accuracy 

of the analysis method. These results also implies that NITE occurs in all PI controlled systems regard-

less of anti-windup structures. Thus, the phenomenon of NITE has to be consider significantly in all the 

industrial systems with anti-windups. 
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Ⅳ. Solution 

 

 

4.1 Virtual saturation 

 

The phenomenon of NITE is one of significant issues in all PI controlled systems with anti-windups 

and it is a problem to be solved. In this section, we suggest two solutions to mitigate the phenomenon 

of NITE. The First solution is to put another saturation called virtual saturation as the input of actual 

saturation in the systems. In order to avoid the phenomenon of NITE, the virtual saturation has to have 

bigger saturation bound than actual saturation bound shown in Figures 2. The reason will be referred to 

section 4.1.1.  

The virtual saturation is defined by  

 

 

sat஑ᇲ
ஒᇲሺݑሻ ൌ ቐ

α′,									u ൏ α′
β′,									u ൐ β′

			u,					α′ ൑ u ൑ β′
                             (12)

 

 

Where, ݑ is control input of the virtual saturation and the values of α′ and β′ should satisfy αᇱ ൏ α 

and β′>	β respectively.  

By putting the virtual saturation, the systems of Figures 2 (a), (b), (c), and (d) can be described in the 

systems of Figures 8 (a), (b), (c), and (d) respectively. Actual saturation is described in ݐܽݏఈ
ఉሺݐܽݏఈᇲ

ఉᇲሺݑሻሻ 

because actual saturation is affected by the virtual saturation ݐܽݏఈᇲ
ఉᇲሺݑሻ. 

 

 



- 19 - 

Figure 8 (a). The system of Figure 2 (a) with virtual saturation 

 

 

Figure 8 (b). The system of Figure 2 (b) with virtual saturation 

 

 

Figure 8 (c). The system of Figure 2 (c) with virtual saturation 
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Figure 8 (d). The system of Figure 2 (d) with virtual saturation 

 

 

In order to figure out how effective the virtual saturation is to prevent the phenomenon of NITE, 

we quantify the systems of Figures 8 (a), (b), (c), and (d). We transforms the systems of Figures 8 (a), 

(b), (c), and (d) into the systems of Figures 9 (a), (b), (c), and (d) by applying stochastic averaging 

theory. The process for this is provided in Appendix II. 

 

 

Figure 9 (a). System with virtual saturation equivalent to Figure 8 (a) 
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Figure 9 (b). System with virtual saturation equivalent to Figure 8 (b) 

 

 

Figure 9 (c). System with virtual saturation equivalent to Figure 8 (c) 

 

 

 

Figure 9 (d). System with virtual saturation equivalent to Figure 8 (d) 
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As already mentioned through Figures 6 and Figures 7, stochastic averaging theory is reliable 

method for transforming the systems with respect to measurement noise and the system parameters. The 

quantification of NITE of the systems of Figures 9 (a), (b), (c), and (d) are defined by 

 

 

݁̅௦௦ ൌ

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ ቀݑത௦௦ െ ݄ఈᇱ

ఉᇱ൫ݑത௦௦; ௔௪,ଵܭ௡൯ቁߪ௣ܭ
௜ܭ

							iሻThe	system	of	Figure	4	ሺaሻ

1
ቀݑത௦௦ െ ݄ఈᇱ

ఉᇱ൫ݑത௦௦; ௔௪,ଵሺ0ሻܭ௡൯ቁߪ௣ܭ

௜ܭ
				iiሻ	The	system	of	Figure	4	ሺbሻ

1
ቀݑത௦௦ െ ݄ఈᇱ

ఉᇱ൫ݑത௦௦; ௔௪,ଵሺ0ሻܭ௡൯ቁߪ௣ܭ iiiሻ	The	system	of	Figure	4	ሺcሻ

1
ቀݑത௦௦ െ ݄ఈᇱ

ఉᇱ൫ݑത௦௦; ௡൯ቁߪ௣ܭ

௣ܭ
																		ivሻ	The	system	of	Figure	4	ሺdሻ

																									ሺ13ሻ

 

 

The derivation of (13) is given in the Appendix III. 

The equation of (13) is very similar with (9). Difference are ݑത௦௦ and ݄ఈᇱ
ఉᇱሺݑത௦௦;  ௡ሻ. According to (9)ߪ௣ܭ

and (13), if both integral gain and anti-windup gain of the systems of Figures 9 (a), (b), (c), and (d) are 

the same with those of the systems of Figures 4 (a), (b), (c), and (d), the amounts of NITE of Figures 4 

(a), (b), (c), and (d) are determined by both input and output of actual saturation actuator while the 

amounts of NITE of Figures 9 (a), (b), (c), and (d) are determined by those of the virtual saturation. In 

other word, |ݑത௦௦ െ ݄ఈᇲ
ఉᇲሺݑത௦௦; ത௦௦ݑ| ௡ሻ| should be smaller than that ofߪ௣ܭ െ ݄ఈ

ఉ൫ݑത௦௦;  ௡൯| in order toߪ௣ܭ

mitigate NITE. We show that ݑത௦௦ െ ݄ఈᇱ
ఉᇱሺݑത௦௦; ത௦௦ݑ ௡ሻ is smaller thanߪ௣ܭ െ ݄ఈ

ఉሺݑത௦௦;  ௡ሻ in Appendixߪ௣ܭ

V. 

As shown in (13), the virtual saturation provides clue to reduce NITE. We therefore, need to determine 

the values of both α′ and β′ in order to reduce NITE. In the next section, we determine the values of 

both α′ and β′. 

 

4.1.1 Virtual saturation limit 

 

In this section, we determine the values of the virtual saturation bound α′ and β′ in order to mit-

igate NITE. According to (13), ݁̅௦௦ is small if ݑത௦௦ െ ݄ఈᇱ
ఉᇱሺݑത௦௦;  ത௦௦ is in theݑ ,௡ሻ is small. That isߪ௣ܭ

region where ݑത ൎ ݄ఈᇱ
ఉᇱሺݑത; ௡ሻ. As plot of such region, Figure 10 shows the Function ݄ఈᇱߪ௣ܭ

ఉᇱሺݑത;  ௡ሻߪ௣ܭ
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along with ݐܽݏఈᇲ
ఉᇲሺݑതሻ. There exists a region of ݑത where ݄ఈᇱ

ఉᇱሺݑത;  ത are almost identical. Asݑ ௡ሻ andߪ௣ܭ

shown in Figure 10, the region can be characterized by two inequalities of (14) and (15).  

 

 

Figure 10. Plot of ݐܽݏఈᇱ
ఉᇱሺݑതሻ, ିݐܽݏଵଵ ሺݑതሻ, and ݄௚ఈᇱ

ఉᇱሺݑത;  ௡ሻ under Gaussian distributed noiseߪ௣ܭ

 

 

തݑ െ ′ߙ ൐ ௡                                   (14)ߪ௣ܭ3

′ߚ െ തݑ ൐ ௡                                   (15)ߪ௣ܭ3

 

 

Where, the margin of 3ܭ௣ߪ௡ is determined using the Gaussian distributed noise and is useful range to 

prevent anti-windup activation from measurement noise. That is, ݑത remains in the linear region, and 

doesn’t activate the anti-windups with a probability larger than 0.99 because approximately 99% of the 

values from Gaussian distributed noise are within 3ܭ௣. 

According to (14) and (15), 	݁̅௦௦  goes to zero because of ݑത ൎ ݄ఈᇱ
ఉᇱሺݑത;  ௡ሻ. That is, NITE can beߪ௣ܭ

avoided when αᇱ and βᇱ satisfy the range of αᇱ ൑ 	α െ ௡ and βᇱߪ௣ܭ3 ൒ β ൅  ௡. This fact canߪ௣ܭ3

be applied to the systems under uniformly distributed noise. Figure 11 indicates the systems of Figure 9 

under uniformly distributed noise.  
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Figure 11. Plot of ݐܽݏఈᇱ
ఉᇱሺݑതሻ, ିݐܽݏଵଵ ሺݑതሻ, and ݄௚ఈᇱ

ఉᇱሺݑത;  ௡ሻ under uniformly distributed noiseߪ௣ܭ

 

 

4.1.2 Stability based on LMI 

 

In order to show the stability of PI controlled systems with virtual saturation, we analyze the sta-

bility of the systems with virtual saturation by using Linear matrix inequalities (LMI). LMI techniques 

have been especially, used to determine the stability of linear systems subject to actuator saturation. We 

here, show the internal stability of the system of Figure 8(a) with static full authority anti-windup strat-

egy, which is the same as back-calculation anti-windup due to the algebraic loop in here.  

The state space forms of the system of Figure 8(a) is shown as below.  

 

 

ሶ௣ݔ ൌ ௣ݔ௣ܣ ൅  ሻݑଶሺݐܽݏ௣ܤ

௣ݕ ൌ  ௣ݔ௣ܥ

ݑ ൌ ௣൯ݕ௣൫െܭ ൅ ሺ16ሻ																																																																					௜ݔ

ሶ௜ݔ ൌ ௣൯ݕ௜൫െܭ ൅ ሻݑଵሺݐܽݏ௔௪,ଵሺܭ െ  ሻݑ
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Here, ݔ௣, ݔ௜, ݑ, and ݕ௣ are the state of the plant, the state of the integral controller, the control input, 

and the output of the plant respectively. ݐܽݏଵሺݑሻ is a virtual saturation and ݐܽݏଶሺݑሻ is a actual satura-

tion actuator. 

We introduce the deadzone nonlinearity to arrive at LMI when checking the internal stability of the 

systems with saturation actuator. The basic idea is to inscribe the saturation or deadzone into a conic 

region (the space between the two red-dotted lines) shown in Figure 12. The left side of Figure 12 is the 

graph of the saturation function and the deadzone nonlinear is shown in the right side of Figure 12. The 

graph of saturation function is contained in a conic sector and the deadzone nonlinearity is contained in 

this sector. We utilize the deadzone nonlinearity, because it doesn’t degrade the system performance and 

is useful to express LMI technique. This sector has the property that its output y always the same sign 

as its input u and the amount of y is not bigger than that of u [22-23].  

 

 

Figure 12. The saturation function(left) and the deadzone function (right) 

 

 

Here, the output of deadzone function of actual saturation and that of virtual saturation are referred to as 

  ଶ respectively. The output of deadzone function is defined byݍ ଵ andݍ

 

 

ଵݍ ൌ ݑ െ  ሻݑଵሺݐܽݏ

ଶݍ ൌ ሻݑଵሺݐܽݏ െ ሻݑଶሺݐܽݏ 																																 ሺ17ሻ



- 26 - 

 

 

This sector can be mathematically expressed using inequality ݕሺݑ െ ሻݕ ൒ 0 , which becomes 

ݑሺݍ െ ሻݍ ൒ 0 in case of the deadzone nonlinearity where ݕ ൌ  .ݍ

In case of vector deadzone nonlinearity, ݍሺݑ െ  ሻ can be written asݍ

 

 

ଵ்ݍ ଵܹሺݑ െ ଵሻݍ ൒ 0																																																																			ሺ18ሻ

ଶݍ
்

ଶܹሺݑ െ ଵݍ െ ଶሻݍ ൒ 0																																																														ሺ19ሻ

 

 

Where ଵܹ and ଶܹ are a diagonal matrix which consists of arbitrary positive weighting. (18) is the 

deadzone nonlinearity of virtual saturation and (19) is that of actual saturation.  

According to (16) and (17), the state space form of the system of Figure 8 (a) is written as  

 

 

ሶ௣ݔ ൌ ൫ܣ௣ െ ௣ݔ௣൯ܥ௣ܭ௣ܤ ൅ ௜ݔ௣ܤ െ ᇱݍ௣ܤ െ  ݍ௣ܤ

௣ݕ ൌ  ௣ݔ௣ܥ

ሶ௜ݔ ൌ െܭ௜ܥ௣ݔ௣ െ ሺ20ሻ																																																														ᇱݍ௔௪,ଵܭ

ݑ ൌ െܭ௣ܥ௣ݔ௣ ൅  ௜ݔ

 

 

By selecting ݔ ൌ ௣்ݔൣ ௜ݔ
்൧
்
 and ݍ ൌ ሾݍଵ் -ଶ்ሿ் , (16) is rewritten in the form of linear matrix inݍ

equalities as below   

 

 

ሶݔ ൌ ݔܣ ൅  ݍܤ

u ൌ ሺ21ሻ																																																																															ݔܥ

 

 

where, ܣ ൌ ൤
௣ܣ െ ௣ܥ௣ܭ௣ܤ ௣ܤ

െܭ௜ܥ௣ 0 ൨, ܤ ൌ ሾܤଵ ଶሿܤ ൌ ൤
െܤ௣ െܤ௣
െܭ௔௪,ଵ 0 ൨, ܥ ൌ ሾെܭ௜ܥ௣ 1ሿ 
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By depending on quadratic Lyapunov function ܸ ൌ ܲ with ݔ்ܲݔ ൐ 0, it is desirable for the time de-

rivative of ܸ to be negative except at the origin. The time derivative can be determined from the direc-

tional derivative of ܸ in the direction ݔܣ ൅  which is provided by [12],[23] ,ݍܤ

 

 

ሶܸ ൌ ்ܲܣሺ்ݔ ൅ ݔሻܣܲ ൅ ݍܤ்ܲݔ2 ൏ 0																																																										ሺ22ሻ

 

 

The nonlinear elements is required to consider the sector conditions in (18) and (19). Therefore, we can 

use the following sufficient condition to guarantee (22):  

 

 

்ܲܣሺ்ݔ ൅ ݔሻܣܲ ൅ ݍܤ்ܲݔ2 ൅ ଵ்ݍ2 ଵܹሺݑ െ ଵሻݍ ൅ ଶݍ2
்

ଶܹሺݑ െ ሺ23ሻ																							ଶሻݍ

 

 

This inequality (23) can be rewritten as  

 

 

ቌ
்ܲܣ ൅ ܣܲ ்ܥ ଵܹ ൅ ଵܤܲ ଶܤܲ ൅ ்ܥ ଶܹ

ଵܹܥ ൅ ଵ்ܲܤ െ2 ଵܹ െ ଶܹ

ଶܤ
்ܲ ൅ ଶܹܥ െ ଶܹ െ2 ଶܹ

ቍ ൏ 0																															ሺ24ሻ

 

 

If the above LMI is feasible, then the system with virtual saturation is said to be internally stable. 

In other words, there exist the free variables P, which satisfy the condition in (24). 

Although the Internal Stability is determined by technique based on LMI, both virtual saturation bound 

and actual saturation bound have to be considered in order to guarantee the internal stability. 

 

4.2 Dynamic P gain 

 

In PI controlled systems, Proportional gain block of PI controller is commonly static, which means 

the block with no memory, while the proportional gain block is said to be dynamic if the block has 

memory. Changing the proportional gain block into dynamic is helpful to mitigate NITE and we call the 
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dynamic block dynamic P gain. Figures 13 (a), (b), (c), and (d) show the systems containing dynamic P 

gain with anti-windups.  

 

 

 
Figure 13 (a). Block diagram of the system of Figure 2 (a) with dynamic P gain controller  

 

 

 

Figure 13 (b). Block diagram of the system of Figure 2 (b) with dynamic P gain controller 

 

 

 

Figure 13 (c). Block diagram of the system of Figure 2 (c) with dynamic P gain controller 
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Figure 13 (d). Block diagram of the system of Figure 2 (d) with dynamic P gain controller 

 

 

Figures 13 (a), (b), (c), and (d) are respectively, PI controlled systems similar with Figures 2 (a), 

(b), (c), and (d). The only difference between Figures 13 and Figures 2 is the proportional gain of PI 

controller. Actually, although the controller in Figures 13 is not PI controller anymore because the pro-

portional gain is not static, the controller in Figures 13 acts as PI controller which has the role of elimi-

nating tracking error in systems. 

By applying stochastic averaging theory, the systems of Figures 13 (a), (b), (c), and (d) are respec-

tively, transformed to the averaged systems of Figures 14 (a), (b), (c), and (d). The averaged systems is 

used to quantify NITE, so we can check whether NITE occurs or not.  

 

 

 

Figure 14 (a). Averaged version of system in Figure 13 (a). 
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Figure 14 (b). Averaged version of system in Figure 13 (b) 

 

 

 

Figure 14 (c). Averaged version of system in Figure 13 (c) 

 

 

 

Figure 14 (d). Averaged version of system in Figure 13 (d) 

 

 

However, there is a difference here between the systems of Figures 14 and Figures 4. Generally, 

function ݄ఈ
ఉሺݑത;  ௡ሻ is substituted for the saturation nonlinearity by applying stochastic averagingߪ௣ܭ

theory, but the saturation nonlinearity of the systems of Figures 14 is defined as sat஑
ஒሺݑതሻ instead of 
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݄ఈ
ఉሺݑത;  ௡ሻ. It means that noise does not affect to the saturation nonlinearity. The reason for this isߪ௣ܭ

proved in Appendix V. 

According to (9), NITE exists due to a gap between ݑത and ݄ఈ
ఉሺݑത;  ௡ሻ. In other words, ݁̅௦௦ is zeroߪ௣ܭ

because a gap between ݑത and sat஑
ஒሺݑതሻ does not exist. Consequently, NITE does not occur in the sys-

tems of Figures 14. We shows the results of the systems of Figures 14 in the next section. 

 

4.3 Result 

 

We suggest two methods to mitigate NITE so far. In this section, we show that the results of the 

systems of both Figures 9 and Figures 14 and compare the results of the systems of Figures 9 with that 

of Figures 14. The systems parameters of both Figures 9 and Figures 14 are referred to [10] and given 

in Table 1. 

 

 

Table 1. Simulation parameters in the systems of Figures 9 and Figures 14 

 The systems of Figure 9 The systems of Figure 14 

 ௜ 3 3ܭ

 ௣ 5 5ܭ

 ௔௪,ଵ 1 1ܭ

ሻ 1ݏ௔௪,ଶሺܭ
ݏ ൅ 1

 
1

ݏ ൅ 1
 

ሻ 1ݏ௔௪,ଵሺܭ
ݏ ൅ 1

 
1

ݏ ൅ 1
 

β′ 2.5 Not applicable 

α′ -2.5 Not applicable 

β 1 1 

α -1 -1 

ܲሺݏሻ 2
ݏ5 ൅ 2

 
2

ݏ5 ൅ 2
 

 ௡ 0.1 0.1ߪ

ሻ Not applicable 5ݏ௣ሺܭ
ݏ ൅ 1
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The parameters of α′ and β′ is determined based on section 4.1.1. The parameter of ܭ௣ሺݏሻ is 

decided arbitrary without making the stability of the systems of Figures 14 unstable. Using the parame-

ters in Table 1, The simulation is carried out and the results are shown in below. 

Figure 15 is the response of the systems of Figures 9 (a), (b), (c), and (d) under Gaussian distributed 

noise. Figure 16 is the response of the systems of Figures 9 (a), (b), (c), and (d) under uniformly distrib-

uted noise.  

 

 

 

Figure 15. The responses of the systems of Figures 9 under Gaussian distributed noise 
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Figure 16. The responses of the systems of Figures 9 under uniformly distributed noise 

 

 

As the results of the Figures 15 and Figures 16, putting virtual saturation in the system with anti-

windups mitigates the phenomenon of NITE. In comparison with the outputs of the systems of Figures 

4, the steady state tracking errors of Figures 9 (a), (b), (c), and (d) are smaller than that of Figures 4 (a), 

(b), (c), and (d) respectively. It means that NITE hardly exists in the systems of Figures 9 (a), (b), (c), 

and (d).  

Figure 17 shows the responses of the systems of Figures 14 (a), (b), (c), and (d), which mean the 

controlled systems containing dynamic P gain.  

 

 



- 34 - 

 

Figure 17. The responses of the systems of Figures 14 

 

 

Like the systems of Figures 9 (a), (b), (c), and (d), Figure 17 indicates that NITE can be avoided in 

the systems of Figures 14 (a), (b), (c), and (d). The outputs of the systems of Figure 14 (a), (b), (c), and 

(d) are 0.9 because the saturation actuator sat஑
ஒሺݑതሻ in the systems of Figure 14 (a), (b), (c), and (d) are 

not replaced with ݄ఈ
ఉሺݑത; -௡ሻ despite applying stochastic averaging theory. That is, ݁̅௦௦ of the sysߪ௣ܭ

tems of Figures 14 (a), (b), (c), and (d) are all zero. 

Two above mentioned solutions are useful methods to prevent the phenomenon of NITE, but they 

have different characteristics as in shown Figures 15, 16, and 17. 

i) The overshoot of the systems of Figures 9 (a), (b), (c), and (d) are generally bigger than that of 

Figure 14 (a), (b), (c), and (d). 

ii) There are a little oscillations of the systems of Figures 14 (a) and (b) unlike the response of the 

systems of Figured 9 (a) and (b) 

iii) Without measurement noise, anti-windup effect become weaker in the systems of Figures 9, 

which cause the overshoot.  
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Ⅴ. Application 

 

 

5.1 Electro-active polymer 

 

The phenomenon of NITE was originally discovered in toner concentration control of digital print-

ing [10]. Besides the toner concentration control, NITE could occur most of all PI controlled systems in 

industrial applications. One example is electro-active polymer (EAP). The EAP is a kind of materials 

made up of polymers, metals, and other elements that show unique properties. The EAP can be used to 

produce a mechanical motion depending on electric voltage and utilized as a sensor by measuring the 

output voltage generated by imposed mechanical deformation [24].  

Through this application, precision position control of the EAP actuator is shown by using a digital 

PID controller with an integrator anti-windup structure that prevent performance degradation due to 

saturation nonlinearity. Figure 18 is a diagram of the EAP actuator system in order to show working 

principle of the EAP actuator. A working principle of the EAP actuator is a simple. When the EAP 

actuator is affected by an electric field, the total charge inside the EAP strip actuator in response to the 

electric field causes the bending motion [24].  

 

 

 

Figure 18. A diagram of the experimental setup. 

 

 

Here, dSPACE contains 16-bit analogue to digital (A/D) converter channel of a digital-signal-processing 

(DSP) board. Details are referred to [24]. 
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Figure 19 show a block diagram for the closed-loop digital position control of the EAP actuator 

with an integrator anti-windup scheme. The parameters of the system of Figure 19 is provided in [24]. 

We assume that measurement noise is Gaussian distributed noise of which standard deviation of ߪ௡ set 

to 0.3. 

 

 

 

Figure 19. A block diagram of the closed-loop position control of the EAP actuator. 

 

 

Simulation result of the EAP actuator is shown in Figure 20. The black line indicates a 0.8 mm 

reference of the system of Figure 19 and the red line presents a step response of the system of Figure 

19. As presented in Figure 20, the phenomenon of NITE could occurs in the EAP actuator system. This 

result means that NITE is very significant issue to most of all controlled systems with anti-windup. 
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Figure 20. Simulation result of the position control of EAP actuator under Gaussian distributed noise 

 

 

5.2 Applying the solutions in the system 

 

We have suggested two solutions in this paper. One solution is called virtual saturation and the 

other solution is called dynamic P gain. Virtual saturation affects saturation actuator by increasing range 

in the input of saturation actuator, While dynamic P gain affects proportional gain of PI controller by 

changing static proportional gain to dynamic one. Figure 21 (a) shows the position control system of 

EAP actuator with virtual saturation and Figure 21 (b) shows the system applying the dynamic P gain. 

According to (12) and (13), the values of α′ and β′ are respectively, set to -1 and 1. 
଴.଴଴ସ௄೛
௭ି଴.ଽଽ଺

 is the 

block of dynamic P gain. ܭ௣ is the same value of the position control system of the EAP actuator in 

[24].  
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Figure 21 (a). A block diagram of the position control system of the EAP actuator with  

virtual saturation. 

 

 

Figure 21 (b). A block diagram of the position control system of the EAP actuator with  

dynamic P gain. 

 



- 39 - 

Figure 22 (a). The response of the system of Figure 21 (a) 

 

 

 

Figure 22 (b). The response of The system of Figure 21 (b) 
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The effects of both virtual saturation and dynamic P gain are demonstrated in Figure 22. The red 

line is the response of the position control system of the EAP actuator of Figure 21 (a). The blue line 

indicates the response of Figure 21 (b). As you can see, both of methods are effective solutions to miti-

gate NITE. By applying the stochastic averaging, it is possible to analyze NITE of the EAP position 

control system. However, we didn’t deal with it because the EAP position control system is described 

as discrete system. 



- 41 - 

 

Ⅵ. Conclusion 

 

 

Recently, In PI controlled systems with anti-windup called back-calculation, steady state tracking 

error due to measurement noise has been reported and this steady state tracking error was named NITE. 

In this study, we showed that Noise induced tracking error (NITE) could occur in all PI controlled sys-

tems with anti-windup structures as well. In other words, NITE could occur in all the systems if both 

anti-windup and measurement noise exist, regardless of anti-windups. 

Using stochastic averaging theory, we quantified the noise induced tracking error in terms of system 

parameters and noise characteristics, and showed that NITE occurred with uniformly distributed noise 

as well as Gaussian distributed noise 

We suggested two solutions to mitigate NITE. One method is using Virtual saturation, which act as 

the input of actual saturation and has bound bigger than actual saturation has. We analyzed how virtual 

saturation affect to the systems likely to NITE. An analysis of internal stability based on linear matrix 

inequalities was conducted on the system with two saturation actuators. The other method is changing 

static P gain to dynamic P gain. We checked that dynamic P gain played the role of eliminating an effect 

of noise in the systems. 



- 42 - 

 

Ⅶ. Appendix I 

 

 

i) The system of Figure 4 (a) (PI controlled system with back-calculation anti-windup) 

 

Let the state space realization of the system of Figure 4 (a) be 

 

ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

ሶݔ̅ ௜ ൌ ݎ௜ሺܭ െ തሻݕ ൅ ௔௪,ଵ൫݄ఈܭ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

തݕ ൌ ௣                                  (25)ݔ୮̅ܥ

ݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅  ௜ݔ̅

 

Where, ̅ݔ௣, ̅ݔ௜, ݑത, d, and ݕത, and are the state of the plant, the state of the integral controller, the control 

input, the disturbance of the system and the output of the system of Figure 4 (a) respectively.  

The steady state of this system is defined by  

 

0 ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

0 ൌ ݎ௜ሺܭ െ തሻݕ ൅ ௔௪,ଵ൫݄ఈܭ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ ത൯                    (26)ݑ

 

Assuming that the asymptotically stable equilibrium exists 

 

0 ൌ ݎ௜ሺܭ െ ത௦௦ሻݕ ൅ ௔௪,ଵ൫݄ఈܭ
ఉ൫ݑത௦௦; ௡൯ߪ௣ܭ െ ത௦௦൯                  (27)ݑ

 

Should be satisfied in the steady state, where ݕത௦௦ and ݑത௦௦ are the steady state values of ݕത and ݑത.  

Therefore, ݁̅௦௦ is defined as below 

 

݁̅௦௦ ൌ ݎ െ ത௦௦ݕ ൌ
௄ೌೢ,భ
௄೔

ቀݑത௦௦ െ ݄ఈ
ఉ൫ݑത௦௦; ௡൯ቁ                   (28)ߪ௣ܭ

 

ii) The system of Figure 4 (b) (PI controlled system with dynamic static full authority anti-windup) 

 

Let the state space realization of the system of Figure 4 (b) be 
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ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

തݕ ൌ  ௣ݔ୮̅ܥ

ሶ௔௪,ଵݔ̅ ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

ሶ௔௪,ଶݔ̅ ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଶݕ ൌ ௔௪,ଶ                              (29)ݔୟ୵,ଶ̅ܥ

ሶݔ̅ ௜ ൌ ݎ௜ሺܭ െ തሻݕ ൅  ௔௪,ଵݔୟ୵,ଵ̅ܥ

തݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅ ௜ݔ̅ ൅  ௔௪,ଶݔୟ୵,ଶ̅ܥ

 

Where, ̅ݔ௔௪,ଵ  and ̅ݔ௔௪,ଶ  are the state space form of the dynamic anti-windup gain ܭ௔௪,ଵሺݏሻ and 

 ሻ respectively. The steady state of this system is defined byݏ௔௪,ଶሺܭ

 

0 ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

0 ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

0 ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ                     (30)	ത൯ݑ

0 ൌ ݎ௜ሺܭ െ തሻݕ ൅  ௔௪,ଵݔୟ୵,ଵ̅ܥ

 

Assuming that the asymptotically stable equilibrium exists 

 

0 ൌ ݎ௜ሺܭ െ ത௦௦ሻݕ ൅  ௔௪,ଵݔୟ୵,ଵ̅ܥ

0 ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈܤ
ఉ൫ݑത௦௦; ௡൯ߪ௣ܭ െ ത௦௦൯                  (31)ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

 

According to (31), ݕത௔௪,ଵ is written as below 

 

ത௔௪,ଵݕ ൌ െCୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ ቀെݑത௦௦ ൅ ݄ఈ
ఉ൫ݑത௦௦; ௡൯ቁߪ௣ܭ ൌ ௔௪,ଵሺ0ሻܭ ቀݑത௦௦ െ ݄ఈ

ఉ൫ݑത௦௦; ௡൯ቁ    (32)ߪ௣ܭ

 

Where, ܭ௔௪,ଵሺ0ሻ is dc gain of the anti-windup gain ܭ௔௪,ଵሺݏሻ. Replacing ܥୟ୵,ଵ̅ݔ௔௪,ଵ with (32), ݁̅௦௦ 

can be defined as below 

 

݁̅௦௦ ൌ ݎ െ ത௦௦ݕ ൌ
௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑത௦௦ െ ݄ఈ

ఉ൫ݑത௦௦; ௡൯ቁ                 (33)ߪ௣ܭ

 

iii) The system of Figure 4 (c) (PI controlled system with dynamic external global anti-windup) 

The state space form is as below 
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ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

തݕ ൌ  ௣ݔ୮̅ܥ

ሶ௔௪,ଵݔ̅ ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

ሶ௔௪,ଶݔ̅ ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଶݕ ൌ ௔௪,ଶ                              (34)ݔୟ୵,ଶ̅ܥ

ሶݔ̅ ௜ ൌ ݎ௜൫ܭ െ തݕ ൅  ௔௪,ଵ൯ݔୟ୵,ଵ̅ܥ

തݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅ ௜ݔ̅ ൅  ௔௪,ଶݔୟ୵,ଶ̅ܥ

 

The steady state of this system is defined by 

 

0 ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

0 ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

0 ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ                     (35)	ത൯ݑ

0 ൌ ݎ௜൫ܭ െ തݕ ൅  ௔௪,ଵ൯ݔୟ୵,ଵ̅ܥ

 

Assuming that the asymptotically stable equilibrium exists 

 

0 ൌ ݎ௜൫ܭ െ ത௦௦ݕ ൅  ௔௪,ଵ൯ݔୟ୵,ଵ̅ܥ

0 ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈܤ
ఉ൫ݑത௦௦; ௡൯ߪ௣ܭ െ ത௦௦൯                 (36)ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

 

According to (36), ݕത௔௪,ଵ is written as below 

 

ത௔௪,ଵݕ ൌ െCୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ ቀെݑത௦௦ ൅ ݄ఈ
ఉ൫ݑത௦௦; ௡൯ቁߪ௣ܭ ൌ ௔௪,ଵሺ0ሻܭ ቀݑത௦௦ െ ݄ఈ

ఉ൫ݑത௦௦; ௡൯ቁ      (37)ߪ௣ܭ

 

Replacing ܥୟ୵,ଵ̅ݔ௔௪,ଵ with (37), ݁̅௦௦ can be defined as below 

 

݁̅௦௦ ൌ ݎ െ ത௦௦ݕ ൌ ௔௪,ଵሺ0ሻܭ ቀݑത௦௦ െ ݄ఈ
ఉ൫ݑത௦௦; ௡൯ቁ                        (38)ߪ௣ܭ

 

iv) The system of Figure 4 (d) (PI controlled system with anti-windup introduced in [13]) 

control input u is defined as below 
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u ൌ ௣ܭ ቆݎ െ തݕ െ ݄ఈ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൬

௦

௄೔ା௄೛௦
െ

ଵ

௄೛
൰ቇ                         (39)

 

The steady state of this system is defined by 

 

ത௦௦ݑ ൌ ௣ܭ ቆݎ െ ത௦௦ݕ െ ݄ఈ
ఉ൫ݑത௦௦; ௡൯ߪ௣ܭ ൬െ

ଵ

௄೛
൰ቇ                           (40)

ത௦௦ݑ ൌ ௣ܭ ቆ݁̅௦௦ െ ݄ఈ
ఉ൫ݑത௦௦; ௡൯ߪ௣ܭ ൬െ

ଵ

௄೛
൰ቇ                           (41)

Therefore, ݁̅௦௦ is defined as below 

 

݁̅௦௦ ൌ ݎ െ ത௦௦ݕ ൌ
ଵ

௄೛
ቀݑത௦௦ െ ݄ఈ

ఉ൫ݑത௦௦; ௡൯ቁ                        (42)ߪ௣ܭ
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Ⅷ. Appendix Ⅱ 

 

 

The state space form of Figures 8 (a) is written by 

 

ሶ௣ݔ ൌ ௣ݔ௣ܣ ൅ ௣݀ܤ ൅ ఈݐܽݏ௣ܤ
ఉ ൬ݐܽݏఈᇲ

ఉᇲሺݑሻ൰ 

ݕ ൌ  ௣ݔ௣ܥ

ሶ௜ݔ ൌ ݎ௜ሺܭ െ ݕ െ ݊ሻ ൅ ௔௪,ଵܭ ቀݐܽݏఈᇲ
ఉᇲሺݑሻ െ ቁ                     (43)ݑ

ݑ ൌ ݎ௣ሺܭ െ ݕ െ ݊ሻ ൅  ௜ݔ

 

Applying stochastic averaging theory, (43) is transformed into (44) 

 

ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݀ܤ ൅ ௣݄ఈܤ
ఉ൫ݑത;  ௡൯ߪ௣ܭ

തݕ ൌ  ௣ݔ୮̅ܥ

ሶݔ̅ ௜ ൌ ݎ௜ሺܭ െ തሻݕ ൅ ௔௪,ଵ൫݄ఈᇱܭ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ ത൯                   (44)ݑ

ݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅  ௜ݔ̅

 

According to (44), the block diagram of the system of Figure 8 (a) is replaced with that of Figure 9 (a).

Similarly, the state space form of Figures 8 (b) is written by  

 

ሶ௣ݔ ൌ ௣ݔ௣ܣ ൅ ௣݀ܤ ൅ ఈݐܽݏ௣ܤ
ఉ ൬ݐܽݏఈᇲ

ఉᇲሺݑሻ൰ 

ݕ ൌ  ௣ݔ௣ܥ

ሶ௜ݔ ൌ ݎ௜ሺܭ െ ݕ െ ݊ሻ ൅ ௔௪,ଵܭ ቀݐܽݏఈᇲ
ఉᇲሺݑሻ െ ቁ                     (45)ݑ

ݑ ൌ ݎ௣ሺܭ െ ݕ െ ݊ሻ ൅ ௜ݔ ൅ ௔௪,ଶܭ ቀݐܽݏఈᇲ
ఉᇲሺݑሻ െ  ቁݑ

 

Applying stochastic averaging theory, (45) is transformed into (46) 

 

ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݀ܤ ൅ ௣݄ఈܤ
ఉ൫ݑത;  ௡൯ߪ௣ܭ

തݕ ൌ  ௣ݔ୮̅ܥ

ሶݔ̅ ௜ ൌ ݎ௜ሺܭ െ തሻݕ ൅ ௔௪,ଵ൫݄ఈᇱܭ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ ത൯                   (46)ݑ
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ݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅ ௜ݔ̅ ൅ ௔௪,ଶ൫݄ఈᇱܭ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

 

According to (46), the block diagram of the system of Figure 8 (b) is replaced with that of Figure 9 (b).

The state space form of Figure 8 (c) is written by  

 

ሶ௣ݔ ൌ ௣ݔ௣ܣ ൅ ௣݀ܤ ൅ ఈݐܽݏ௣ܤ
ఉ ൬ݐܽݏఈᇲ

ఉᇲሺݑሻ൰ 

ݕ ൌ  ௣ݔ௣ܥ

ሶ௜ݔ ൌ ௜ܭ ൬ݎ െ ݕ ൅ ௔௪,ଵܭ ቀݐܽݏఈᇲ
ఉᇲሺݑሻ െ ቁ൰                     (47)ݑ

ݑ ൌ ݎ௣ሺܭ െ ሻݕ ൅ ௜ݔ ൅ ௔௪,ଶܭ ቀݐܽݏఈᇲ
ఉᇲሺݑሻ െ  ቁݑ

 

Applying stochastic averaging theory, (47) is transformed into (48). According to (48), the block dia-

gram of the system of Figure 8 (c) is replaced with that of Figure 9 (c). 

 

ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݀ܤ ൅ ௣݄ఈܤ
ఉ൫ݑത;  ௡൯ߪ௣ܭ

തݕ ൌ  ௣ݔ୮̅ܥ

ሶݔ̅ ௜ ൌ ௜ܭ ቀݎ െ തݕ ൅ ௔௪,ଵ൫݄ఈᇱܭ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ ത൯ቁ                   (48)ݑ

ݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅ ௜ݔ̅ ൅ ௔௪,ଶ൫݄ఈᇱܭ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

 

The state space form of Figures 8 (d) is written by 

 

ሶ௣ݔ ൌ ௣ݔ௣ܣ ൅ ௣݀ܤ ൅ ఈݐܽݏ௣ܤ
ఉ ൬ݐܽݏఈᇲ

ఉᇲሺݑሻ൰ 

ݕ ൌ  ௣ݔ௣ܥ

ݑ ൌ ݎ௣ሺܭ െ ݕ െ ݊ሻ ൅ ௙                            (49)ݕ

ሶ௙ݔ ൌ ௙ݔ௙ܣ ൅ ఈᇱݐܽݏ௙ܤ
ఉᇱሺݑሻ 

௙ݕ ൌ  ௙ݔ௙ܥ

 

Where, ݔ௙ is the state of the function 
௦

௄೔ା௄೛௦
െ

ଵ

௄೛
 and ݕ௙ is the output of the function. Applying sto-

chastic averaging theory, (49) is transformed into (50) 

 

ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݀ܤ ൅ ௣݄ఈܤ
ఉ൫ݑത;  ௡൯ߪ௣ܭ

തݕ ൌ  ௣ݔ୮̅ܥ

ݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅ ത௙                              (50)ݕ
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ሶ௙ݔ̅ ൌ ௙ݔ௙̅ܣ ൅ ௙݄ఈᇱܤ
ఉᇱሺݑሻ 

ത௙ݕ ൌ  ௙ݔ௙̅ܥ

 

According to (50), the block diagram of the system of Figure 8 (d) is replaced with that of Figure 9 (d).
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IX. Appendix Ⅲ 

 

 

i) The system of Figure 9 (a) (PI controlled system with back-calculation anti-windup) 

 

Let the state space realization of the system of Figure 9 (a) be 

 

ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

ሶݔ̅ ௜ ൌ ݎ௜ሺܭ െ തሻݕ ൅ ௔௪,ଵ൫݄ఈᇱܭ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

തݕ ൌ ௣                                  (51)ݔ୮̅ܥ

ݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅  ௜ݔ̅

 

Where, ̅ݔ௣, ̅ݔ௜, ݑത, d, and ݕത, and are the state of the plant, the state of the integral controller, the control 

input, the disturbance of the system and the output of the system of Figure 9 (a) respectively.  

The steady state of this system is defined by  

 

0 ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

0 ൌ ݎ௜ሺܭ െ തሻݕ ൅ ௔௪,ଵܭ ቀ݄ఈᇲ
ఉᇲ൫ݑത; ௡൯ߪ௣ܭ െ തቁ                    (52)ݑ

 

Assuming that the asymptotically stable equilibrium exists 

 

0 ൌ ݎ௜ሺܭ െ ത௦௦ሻݕ ൅ ௔௪,ଵ൫݄ఈᇱܭ
ఉᇱ൫ݑത௦௦; ௡൯ߪ௣ܭ െ ത௦௦൯                  (53)ݑ

 

Should be satisfied in the steady state, where ݕത௦௦ and ݑത௦௦ are the steady state values of ݕത and ݑത. 

Therefore, ݁̅௦௦ is defined as below 

 

݁̅௦௦ ൌ ݎ െ ത௦௦ݕ ൌ
௄ೌೢ,భ
௄೔

ቀݑത௦௦ െ ݄ఈᇱ
ఉᇱ൫ݑത௦௦; ௡൯ቁ                   (54)ߪ௣ܭ

 

ii) The system of Figure 9 (b) (PI controlled system with dynamic full authority anti-windup) 

 

Let the state space realization of the system of Figure 9 (b) be 
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ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

തݕ ൌ  ௣ݔ୮̅ܥ

ሶ௔௪,ଵݔ̅ ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈᇱܤ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

ሶ௔௪,ଶݔ̅ ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈᇱܤ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଶݕ ൌ ௔௪,ଶ                              (55)ݔୟ୵,ଶ̅ܥ

ሶݔ̅ ௜ ൌ ݎ௜ሺܭ െ തሻݕ ൅  ௔௪,ଵݔୟ୵,ଵ̅ܥ

തݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅ ௜ݔ̅ ൅  ௔௪,ଶݔୟ୵,ଶ̅ܥ

 

Where, ̅ݔ௔௪,ଵ  and ̅ݔ௔௪,ଶ  are the state space form of the dynamic anti-windup gain ܭ௔௪,ଵሺݏሻ and 

 ሻ respectively. The steady state of this system is defined byݏ௔௪,ଶሺܭ

 

0 ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

0 ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈᇱܤ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

0 ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈᇱܤ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ                    (56)	ത൯ݑ

0 ൌ ݎ௜ሺܭ െ തሻݕ ൅  ௔௪,ଵݔୟ୵,ଵ̅ܥ

 

Assuming that the asymptotically stable equilibrium exists 

 

0 ൌ ݎ௜ሺܭ െ ത௦௦ሻݕ ൅  ௔௪,ଵݔୟ୵,ଵ̅ܥ

0 ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈܤ
ఉ൫ݑത௦௦; ௡൯ߪ௣ܭ െ ത௦௦൯                  (57)ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

 

According to (57), ݕത௔௪,ଵ is written as below 

 

ത௔௪,ଵݕ ൌ െCୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ ቀെݑത௦௦ ൅ ݄ఈᇱ
ఉᇱ൫ݑത௦௦; ௡൯ቁߪ௣ܭ ൌ ௔௪,ଵሺ0ሻܭ ቀെݑത௦௦ ൅ ݄ఈᇱ

ఉᇱ൫ݑത௦௦; ௡൯ቁ  (58)ߪ௣ܭ

 

Where, ܭ௔௪,ଵሺ0ሻ is dc gain of the anti-windup gain ܭ௔௪,ଵሺݏሻ. Replacing ܥୟ୵,ଵ̅ݔ௔௪,ଵ with (56), ݁̅௦௦ 

can be defined as below 

 

݁̅௦௦ ൌ ݎ െ ത௦௦ݕ ൌ
௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑത௦௦ െ ݄ఈᇱ

ఉᇱ൫ݑത௦௦; ௡൯ቁ                 (59)ߪ௣ܭ

 

iii) The system of Figure 9 (c) (PI controlled system with dynamic external global anti-windup) 
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Let the state space realization of the system of Figure 9 (c) be  

 

ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

തݕ ൌ  ௣ݔ୮̅ܥ

ሶ௔௪,ଵݔ̅ ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈᇱܤ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

ሶ௔௪,ଶݔ̅ ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈᇱܤ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଶݕ ൌ                              (60)	௔௪,ଶݔୟ୵,ଶ̅ܥ

ሶݔ̅ ௜ ൌ ݎ௜൫ܭ െ തݕ ൅  ௔௪,ଵ൯ݔୟ୵,ଵ̅ܥ

തݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅ ௜ݔ̅ ൅  ௔௪,ଶݔୟ୵,ଶ̅ܥ

 

The steady state of this system is defined by 

 

0 ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

0 ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈᇱܤ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

0 ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈᇱܤ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ െ                    (61)	ത൯ݑ

0 ൌ ݎ௜൫ܭ െ തݕ ൅  ௔௪,ଵ൯ݔୟ୵,ଵ̅ܥ

 

Assuming that the asymptotically stable equilibrium exists 

 

0 ൌ ݎ௜൫ܭ െ ത௦௦ݕ ൅  ௔௪,ଵ൯ݔୟ୵,ଵ̅ܥ

0 ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈᇱܤ
ఉᇱ൫ݑത௦௦; ௡൯ߪ௣ܭ െ ത௦௦൯                 (62)ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

 

According to (62), ݕത௔௪,ଵ is written as below 

 

ത௔௪,ଵݕ ൌ െCୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ ቀെݑത௦௦ ൅ ݄ఈᇱ
ఉᇱ൫ݑത௦௦; ௡൯ቁߪ௣ܭ ൌ ௔௪,ଵሺ0ሻܭ ቀെݑത௦௦ ൅ ݄ఈᇱ

ఉᇱ൫ݑത௦௦; ௡൯ቁ  (63)ߪ௣ܭ

 

Replacing ܥୟ୵,ଵ̅ݔ௔௪,ଵ with (63), ݁̅௦௦ can be defined as below 

 

݁̅௦௦ ൌ ௔௪,ଵሺ0ሻܭ ቀݑത௦௦ െ ݄ఈᇱ
ఉᇱ൫ݑത௦௦; ௡൯ቁ                     (64)ߪ௣ܭ

iv) The system of Figure 4 (d) (PI controlled system with anti-windup introduced in [13]) 

control input u is defined as below 
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ݑ ൌ ௣ܭ ቆݎ െ തݕ െ ݄ఈᇱ
ఉᇱ൫ݑത; ௡൯ߪ௣ܭ ൬

௦

௄೔ା௄೛௦
െ

ଵ

௄೛
൰ቇ                         (65)

 

The steady state of this system is defined by 

 

ത௦௦ݑ ൌ ௣ܭ ቆݎ െ ത௦௦ݕ െ ݄ఈᇱ
ఉᇱ൫ݑത௦௦; ௡൯ߪ௣ܭ ൬െ

ଵ

௄೛
൰ቇ                           (66)

ത௦௦ݑ ൌ ௣ܭ ቆ݁̅௦௦ െ ݄ఈᇱ
ఉᇱ൫ݑത௦௦; ௡൯ߪ௣ܭ ൬െ

ଵ

௄೛
൰ቇ                           (67)

Therefore, ݁̅௦௦ is defined as below 

 

݁̅௦௦ ൌ ݎ െ ത௦௦ݕ ൌ
ଵ

௄೛
ቀݑത௦௦ െ ݄ఈᇱ

ఉᇱ൫ݑത௦௦; ௡൯ቁ                        (68)ߪ௣ܭ
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X. Appendix Ⅳ 

 

 

i) Assume that ܭ௜ ് ݎ ,0 ് 0 and ݀ ് 0, Let the steady state realization of the system of Figure 4 (b) be 

 

0 ൌ ሶ௣ݔ̅ ൌ ௣ݔ௣̅ܣ ൅ ௣݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ ൅  ௣݀ܤ

തݕ ൌ  ௣ݔ୮̅ܥ

0 ൌ ሶ௔௪,ଵݔ̅ ൌ ௔௪,ଵݔ௔௪,ଵ̅ܣ ൅ ௔௪.ଵ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଵݕ ൌ  ௔௪,ଵݔୟ୵,ଵ̅ܥ

0 ൌ ሶ௔௪,ଶݔ̅ ൌ ௔௪,ଶݔ௔௪,ଶ̅ܣ ൅ ௔௪.ଶ൫݄ఈܤ
ఉ൫ݑത; ௡൯ߪ௣ܭ െ  ത൯ݑ

ത௔௪,ଶݕ ൌ ௔௪,ଶ                              (69)ݔୟ୵,ଶ̅ܥ

0 ൌ ሶ௜ݔ̅ ൌ ݎ௜ሺܭ െ തሻݕ ൅  ௔௪,ଵݔୟ୵,ଵ̅ܥ

തݑ ൌ ݎ௣ሺܭ െ തሻݕ ൅ ௜ݔ̅ ൅  ௔௪,ଶݔୟ୵,ଶ̅ܥ

 

 ത are written as belowݕ ത௔௪,ଵ andݕ

 

ത௔௪,ଵݕ ൌ െCୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ ቀെݑത ൅ ݄ఈ
ఉ൫ݑത; ௡൯ቁߪ௣ܭ ൌ ௔௪,ଵሺ0ሻܭ ቀݑത െ ݄ఈ

ఉ൫ݑത; ௡൯ቁ      (70)ߪ௣ܭ

തݕ ൌ െCୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ ቀ݄ఈ
ఉ൫ݑത; ௡൯ቁ                      (71)ߪ௣ܭ

 

By using (70) and (71), ̅ݔሶ ௜ is defined by  

 

തݑ௔௪,ଵሺ0ሻܭ െ ݎ௜ܭ ൌ ௔௪,ଵିଵܣ௜Cୟ୵,ଵܭ Bୟ୵,ଵ ቀ݄ఈ
ఉ൫ݑത;ܭ௣ߪ௡൯ቁ ൅ ௔௪,ଵሺ0ሻܭ ቀ݄ఈ

ఉ൫ݑത; ௡൯ቁ      (72)ߪ௣ܭ

 

Similarly, Let the steady state form of ̅ݔሶ ௜ of the system of Figure 9 (b) be  

 

തݑ௔௪,ଵሺ0ሻܭ െ ݎ௜ܭ ൌ ௔௪,ଵିଵܣ௜Cୟ୵,ଵܭ Bୟ୵,ଵ ቀ݄ఈ
ఉ൫ݑത;ܭ௣ߪ௡൯ቁ ൅ ௔௪,ଵሺ0ሻܭ ቀ݄ఈᇱ

ఉᇱ൫ݑത; ௡൯ቁ      (73)ߪ௣ܭ

 

By comparing between (72) and (73), the value of ݑത that belongs to (72) is greater than that belongs to (73). 

Therefore, let ݑത that belongs to (72) be ݑതଵ and ݑത that belongs to (73) be ݑതଶ. By replacing with ݑതଵ and ݑതଶ,

(72) and (73) are written as below 
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തଵݑ௔௪,ଵሺ0ሻܭ െ ݎ௜ܭ ൌ ௔௪,ଵିଵܣ௜Cୟ୵,ଵܭ Bୟ୵,ଵ ቀ݄ఈ
ఉ൫ݑതଵ; ௡൯ቁߪ௣ܭ ൅ ௔௪,ଵሺ0ሻܭ ቀ݄ఈ

ఉ൫ݑതଵ;ܭ௣ߪ௡൯ቁ     (74)

തଶݑ௔௪,ଵሺ0ሻܭ െ ݎ௜ܭ ൌ ௔௪,ଵିଵܣ௜Cୟ୵,ଵܭ Bୟ୵,ଵ ቀ݄ఈ
ఉ൫ݑതଶ;ܭ௣ߪ௡൯ቁ ൅ ௔௪,ଵሺ0ሻܭ ൬݄ఈᇲ

ఉᇲ൫ݑതଶ;     (75)	௡൯൰ߪ௣ܭ

 

By using (74) and (75) and Assuming that the asymptotically stable equilibrium exists, we can obtain (76) 

 

Cୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ ቀ݄ఈ
ఉ൫ݑതଵ,௦௦; ௡൯ߪ௣ܭ െ ݄ఈ

ఉ൫ݑതଶ,௦௦;  ௡൯ቁߪ௣ܭ

ൌ
௔௪,ଵሺ0ሻܭ

௜ܭ
൬ݑതଵ,௦௦ െ തଶ,௦௦ݑ െ ݄ఈ

ఉ൫ݑതଵ,௦௦; ௡൯ߪ௣ܭ ൅ ݄ఈᇲ
ఉᇲ൫ݑതଶ,௦௦;  ௡൯൰ߪ௣ܭ

ൌ
௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑതଵ,௦௦ െ ݄ఈ

ఉ൫ݑതଵ,௦௦; ௡൯ቁߪ௣ܭ െ
௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑതଶ,௦௦ െ ݄ఈᇱ

ఉᇱ൫ݑതଶ,௦௦; ௡൯ቁ         (76)ߪ௣ܭ

 

Where, 
௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑതଵ,௦௦ െ ݄ఈ

ఉ൫ݑതଵ,௦௦;  ௡൯ቁ is ݁̅௦௦ of Figure 4 (b) with dynamic full authority anti-windup andߪ௣ܭ

௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑതଶ,௦௦ െ ݄ఈᇱ

ఉᇱ൫ݑതଶ,௦௦;  ௡൯ቁ is ݁̅௦௦ of Figure 9 (b) with dynamic full authority anti-windup. Accordingߪ௣ܭ

to (72) and (73), ݑതଵ is greater than ݑതଶ which means that ݄ఈ
ఉ൫ݑതଵ; ௡൯ is also greater than ݄ఈߪ௣ܭ

ఉ൫ݑതଶ;  .௡൯ߪ௣ܭ

Since Cୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ  is negative value, Cୟ୵,ଵܣ௔௪,ଵିଵ Bୟ୵,ଵ ቀ݄ఈ
ఉ൫ݑതଵ,௦௦; ௡൯ߪ௣ܭ െ ݄ఈ

ఉ൫ݑതଶ,௦௦; ௡൯ቁߪ௣ܭ ൐ 0 there-

fore, (76) satisfy  

 

௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑതଵ,௦௦ െ ݄ఈ

ఉ൫ݑതଵ; ௡൯ቁߪ௣ܭ െ
௄ೌೢ,భሺ଴ሻ

௄೔
൬ݑതଶ,௦௦ െ ݄ఈᇲ

ఉᇲ൫ݑതଶ;ܭ௣ߪ௡൯൰ ൐ 0          (77)

௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑതଵ,௦௦ െ ݄ఈ

ఉ൫ݑതଵ; ௡൯ቁߪ௣ܭ ൐
௄ೌೢ,భሺ଴ሻ

௄೔
൬ݑതଶ,௦௦ െ ݄ఈᇲ

ఉᇲ൫ݑതଶ;ܭ௣ߪ௡൯൰             (78)

 

ii) Assume that the plant of the Figure 4 (b) has a pole at the origin. Since the plant has a pole at the origin, for 

an equilibrium to exist, the input to the plant should be zero in the steady state, that is,  

 

݀ ൅ ݄ఈ
ఉ൫ݑതଵ,௦௦; ௡൯ߪ௣ܭ ൌ 0                               (79)

݀ ൅ ݄ఈ
ఉ൫ݑതଶ,௦௦; ௡൯ߪ௣ܭ ൌ 0                               (80)

 

where, ݄ఈ
ఉ൫ݑതଵ,௦௦; ௡൯ߪ௣ܭ ൌ െ݀ and ݄ఈ

ఉ൫ݑതଶ,௦௦; ௡൯ߪ௣ܭ ൌ െ݀ which means that ݑതଵ,௦௦ ൌ  തଶ,௦௦. Therefore, usingݑ

(77),  

 

௄ೌೢ,భሺ଴ሻ

௄೔
ቀݑതଵ,௦௦ െ ݄ఈ

ఉ൫ݑതଵ; ௡൯ቁߪ௣ܭ െ
௄ೌೢ,భሺ଴ሻ

௄೔
൬ݑതଶ,௦௦ െ ݄ఈᇲ

ఉᇲ൫ݑതଶ;ܭ௣ߪ௡൯൰  

ൌ
௄ೌೢ,భሺ଴ሻ

௄೔
൬݄ఈᇲ

ఉᇲ൫ݑതଵ,௦௦; ௡൯ߪ௣ܭ െ ݄ఈ
ఉ൫ݑതଵ,௦௦; ௡൯൰ߪ௣ܭ ൐ 0                     (81)
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(78) and (81) are completed even when ܭ௔௪,ଵ is static anti-windup gain because ܭ௔௪,ଵሺ0ሻ is the same with 

 .௔௪,ଵܭ

We can figure out that หݑതଵ,௦௦ െ ݄ఈ
ఉ൫ݑതଵ;ܭ௣ߪ௡൯ห is bigger than ቚݑതଶ,௦௦ െ ݄ఈᇲ

ఉᇲ൫ݑതଶ;  ௡൯ቚ through Figure 4 (b)ߪ௣ܭ

and Figure 9 (b), and this fact is applicable to the others. In conclusion, หݑതଵ,௦௦ െ ݄ఈ
ఉ൫ݑതଵ;  ௡൯ห of Figures 4ߪ௣ܭ

(a), (b), (c), and (d) are bigger than ቚݑതଶ,௦௦ െ ݄ఈᇲ
ఉᇲ൫ݑതଶ;  .௡൯ቚ of Figures 9 (a), (b), (c), and (d) respectivelyߪ௣ܭ
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XI. Appendix Ⅴ 

 

 

Let the state space realization of dynamic P gain controller in the system of Figures be 

 

ሶ௞௣ݔ ൌ ௞௣ݔ௞௣ܣ ൅ ݎ௞௣ሺܤ െ ݕ െ ݊ሻ 

௞௣ݕ ൌ ௞௣                                 (82)ݔ௞௣ܥ

 

Where, ݔ௞௣ is the state of dynamic p gain block and ݕ௞௣ is the output of dynamic P gain block. Unlike 

static P gain controller, a term of ܭ௣݊ doesn’t exist anymore due to dynamic P gain. According to (5) 

and (8), The function 	݄௚ఈ
ఉ൫ܭ;ݒ௣ߪ௡൯ is defined as the conditional expected value of sat஑

ஒሺݑሻ in terms 

of Gaussian distribted noise [10]. 

 

݄௚ఈ
ఉ൫ݒ; ௡൯ߪ௣ܭ ൌ ఈݐܽݏ௡ൣܧ

ఉሺݑሻ൧ ൌ ׬ ݒ൫ݐܽݏ െ ௣݊൯ܭ
ଵ

√ଶగఙ೙
݁
ష
೙మ

మ഑೙
మ݀݊

ஶ
ିஶ           (83)

 

Similarly, ݄௨ఈ
ఉ൫ݒ; ௡൯ is defined as the conditional expected value of sat஑ߪ௣ܭ

ஒሺݑሻ with respect to uni-

formly distributed noise. 

 

݄௨ఈ
ఉ൫ݒ; ௡൯ߪ௣ܭ ൌ ఈݐܽݏ௡ൣܧ

ఉሺݑሻ൧ ൌ ׬ ݒ൫ݐܽݏ െ ௣݊൯ܭ
ଵ

ଶఙ೙√ଷ
݀݊

ఙ೙√ଷ
ିఙ೙√ଷ

            (84)

 

Where, ݑ is decomposed into ݑ ൌ ݒ െ  .݊ not directly replying on ݑ means the portion of ݒ .௣݊ܭ

As shown in (82), ݑ is decomposed into ݑ ൌ  therefore, Evaluating the integral in (83) and (84) ݒ

gives (85) and (86). 

 

݄௚ఈ
ఉ൫ݒ; ௡൯ߪ௣ܭ ൌ ఈݐܽݏ௡ൣܧ

ఉሺݑሻ൧ ൌ ׬ ݒ൫ݐܽݏ െ ௣݊൯ܭ
ଵ

√ଶగఙ೙
݁
ష
೙మ

మ഑೙
మ݀݊

ஶ
ିஶ ൌ ሻ      (85)ݒሺݐܽݏ

݄௨ఈ
ఉ൫ݒ; ௡൯ߪ௣ܭ ൌ ఈݐܽݏ௡ൣܧ

ఉሺݑሻ൧ ൌ ׬ ݒ൫ݐܽݏ െ ௣݊൯ܭ
ଵ

ଶఙ೙√ଷ
݀݊

ఙ೙√ଷ
ିఙ೙√ଷ

ൌ ሻ        (86)ݒሺݐܽݏ

 

Therefore,	ݐܽݏሺݒሻ is not replaced with either ݄௚ఈ
ఉ൫ݒ; ௡൯ or ݄௨ఈߪ௣ܭ

ఉ൫ݒ; -௡൯ in spite of applying stoߪ௣ܭ

chastic averaging theory. 
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요 약 문 

일반적인 구조의 Anti-windup 기법이 적용된 PI 제어시스템에서의 

노이즈에 의한 추종 오차 현상 분석 

PI 제어기는 다양한 산업 분야에서 폭넓게 활용되고 있고 추종 오차를 제거하는데 중요한 

역할을 한다. 포화 동작기를 가진 PI 제어시스템에서는 시스템의 성능을 저하시키는 

Windup 이란 현상이 발생하는데 이를 막기 위해 Anti-windup 이라고 불리는 기법이 적용된다. 

Anti-windup 기법이 적용된 PI 제어시스템에서 최근에 가우시안 분포 특성을 가진 측정노이즈로 

인한 추종 오차가 발생하는 것을 확인하였는데 그 원인은 측정 노이즈가 지속적으로 Anti-

windup 동작을 일으키기 때문이다. 이런 현상을 Noise-Induced Tracking Error 즉, NITE 라고 명명 

하였다 [10]. 이 현상이 발견된 시스템에 적용된 Anti-windup 기법은 back-calculation 이라고 

불리는 기법으로서 일반적인 Anti-windup 구조 중에 하나이다.  

본 연구에서는 NITE 현상이 back-calculation 기법이 적용된 시스템에서 나타나는 것뿐만 

아니라, 일반적인 모든 Anti-windup 구조에서도 나타날 수 있음을 보여주었다. 우리는 일반적인 

구조의 Anti-windup 기법이 적용된 PI 제어시스템에서 발생하는 NITE 현상을 분석하기 위해, 

확률적 평균 이론을 적용하여 NITE 를 시스템의 매개변수와 노이즈의 특성에 대한 식으로 

정량화하였다. 또한, NITE 현상은 노이즈의 분포 특성에 관계없이 나타나는데 이를 가우시안 

분포 특성을 가진 노이즈인 경우와 균등 분포 특성을 가진 노이즈인 경우를 서로 비교를 

수행하였다.  

NITE 를 효과적으로 피할 수 있는 두 가지 방법에 대해서 언급을 하였다. 실제 포화 

동작기의 입력신호로서 가상의 포화기를 적용하는 방법이다. 포화 작동기와 가상의 포화기가 

포함된 이런 시스템은 비선형특성을 가지므로 리아푸노프 이론을 적용하여 선형 행렬 부등식의 

형태로 나타내었고 이를 활용하여 내부 안정도를 판별할 수 있다. NITE 를 줄이는 또 한가지 

방법은 해석 PI 제어기의 비례적분기의 이득을 dynamic 의 형태로 바꾸는 것이다. 언급된 두 

가지 방법을 통해 실제로 NITE 가 줄어드는 것을 보여주었다.   

 

 

핵심어: Noise induced tracking error, General anti-windup strategies, 포화 동작기, PI 제어, 측정 노이즈
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