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ABSTRACT 

 

The augmented reality (AR) guidance system have been developed for image guided intervention, very 

intuitive and states of art technique in the surgical navigation. The microscope is preferred equipment in ENT 

surgery, thus we tried to apply the AR system into microscope. To use the AR in the microscope, the intrinsic 

parameters and hand-eye parameters should be obtained, which are essential parameters to calculate the 

position and orientation of microscope from the patient. Particularly, those parameters are changed according 

to variation of the magnification levels. Moreover, it is hard to predict the variation of those parameters due 

to nonlinearity of zoom lens. Therefore, we developed photogrammetric feedback system to find camera 

parameters accurately during a surgery. In the proposed system, camera calibration and hand-eye calibration 

are only performed in the low magnification level. It did not use parameter table, thus there is no need to 

calibrate a camera in other magnification levels. In this system, several images of calibration board are required 

to estimate the camera parameters when the magnification level is changed. The proposed photogrammetric 

feedback technique was used to find the intrinsic and hand-eye parameters in certain magnification level from 

the images and initial parameters which are taken from the lowest magnification level. Through the 

experiments, performance of the proposed technique were tested, the results showed sufficient stability and 

accuracy. Particularly, the proposed system are suitable to the microscope that is hard to use the inner encoder 

system. 
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Ⅰ. INTRODUCTION 

 

 

 

1.1 Introduction of Surgical Navigation system based on Augmented Reality 

The developments of computer graphics, medical imaging and localization lead the advancement of image 

guided surgery (IGS). Recently, many operations have been perform with the IGS system to relieve the burden of 

surgeon in the difficult operations [1]. In conventional IGS system, virtual organs, which were segmented from 

preoperative images such as MRI or CT scan, were displayed in the virtual reality (VR) environments. And VR 

system is effective for observing the virtual organs in multiple direction. However, the discordance of viewing 

direction between sight of surgeon and screen image of virtual organs could be obstacle during the surgery [2]. 

Moreover, it is unintuitive and hard to recognize the relation between surgical tools and virtual organs in the VR. 

To overcome this problem, the Augmented Reality (AR) techniques have been developed and applied to the 

surgical navigation. The fundamental purpose of AR is enhancement of cognitive ability for users that it can 

superimpose the virtual objects into the real intra-operative view. In the surgical navigation, 3-D models of virtual 

organs, blood vessels or nerves were built from medical images such as CT or MR using segmentation and 3D 

reconstruction. The virtual organs are superimposed on the real organs in the AR, thus surgeons can recognize the 

shape of organs or its position intuitively [2]. Especially, surgeons can perceive internal anatomical structures 

which are covered by skin or other organs that is most crucial advantage of AR. The AR helped surgeons to 

perceive a better spatial relation in laparoscopic surgery or prevent potential mistakes including damaging health 

tissues or cutting important vessels. Therefore the AR system is an important component for minimum invasive 

surgery. Samset et al. also insisted a necessity of AR system for minimally invasive surgery by the reasons that 

better eye-hand co-ordination than conventional navigation, improving accuracy of surgery and intuitive 

identification of safety margin [3]. The prototype AR was developed and implemented to laparoscopic surgical 

procedures by Fuchs et al. [4]. He had tried to supplement the defects including small field of view and deficiency 

of a depth using stereoscopic AR system for the laparoscopic surgery. 

 

 

1 - 

 



1.2 Microscopic AR systems in ENT and neurosurgery 

In ENT and neurosurgery, the most operations such as cochlear implantation surgery, cranio-maxillofacial 

surgery and endonasal sinus surgery are operated in narrow space in the rigid bony structure. Thus preoperative 

images can be used in the surgical navigation without any deformation [5]. Therefore, many image guided surgery 

using preoperative image have been implemented in ENT or neurosurgery. The AR also have been developed in 

these surgical field combined with microscope. Edwards et al. suggested AR system for microscope-assisted 

guided interventions [7]. They developed calibration object and 2-D pattern for variable zoom and focus 

calibration. To increase AR accuracy, patient tracker attached firmly to the upper teeth and bone implanted 

fiducials were suggested in their study. Aschke et al. developed microscopic AR system for neurosurgery [8]. 

They provided a three-dimensional overlay images using stereoscopic. Aside from those study, many kinds of 

techniques were developed to use AR effectively in microscope. One of the most important factor for effective 

AR is the accuracy between virtual organs and corresponding real organs, especially in the real operation. There 

are several factors which can cause the various errors such as tracker, calibration and registration errors in AR 

system. Among these, the errors of camera parameters are significantly affect to the AR system.  

 

 

1.3 The estimation of the variable parameters in the microscope 

To apply the AR into the microscopic surgery, the intrinsic parameters of camera should be obtained from 

accurate camera calibration [Ref]. The simple calibration procedure is needed to obtain intrinsic parameters for 

the calibration of camera having fixed focal length such as endoscope. Contrary to the fixed camera system, the 

intrinsic parameters are changed with each magnification and focus levels in microscope. Furthermore, the 

variation of focal length and principal point show nonlinearity due to the nonlinear alignment of lens. The 

characteristic of the variation also different in the number of lens or thickness and shape of lens. To calibrate 

microscope, those characteristics of lens should be considered. Thus the calibration procedure of microscope is 

more time consuming and complex than fixed model.  

The most common estimation technique of zoom lens parameters for microscope is calibrating every 

magnification level at regular interval then building a lookup table [7, 13-14]. Garcia et al. performed microscope 
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calibration using LED based calibration tool [14]. They calibrated each zoom and focus of the microscope at 

regular interval, then interpolated the intrinsic parameters depending on the zoom and focus level. When the zoom 

or focus was changed, the intrinsic parameters can be obtained by reading a corresponding zoom or focus level 

which is gained from motor encoder of microscope. However, it is hard to be provided the encoder value from 

microscope without special device and manufacturer permission. Moreover, the obsolete microscope models do 

not support output port for reading an encoder value. 

The other approach to calibrate camera with the variable zoom lens is using self-calibration technique which 

is calculating the focal length by utilizing multiple images [15-17]. In the stereo image, the fundamental matrix 

can be found when the set of corresponding 2D points are more than seven. The intrinsic and essential matrix are 

computed by decomposing the fundamental matrix. Whitehead et al. developed intrinsic estimation algorithm by 

combining conventional self-calibration with evolution algorithm [15]. González et al. suggested another 

approach for optimization of focal length in microscope [17]. They took pre-calibration using photogrammetric 

technique and applied self-calibration to the varying focal length. Those self-calibration techniques are 

particularly effective in the microscopic system, because the focal length can be exclusively estimated from the 

intra-operative stereo image. Therefore, it does not require reading for the encoder parameters or building an 

intrinsic lookup table. However, those techniques also have disadvantages. If the detection of corresponding points 

is unstable due to the noise or featureless image, it causes significant error in estimation focal length. Thus, the 

stability and accuracy of focal length and principal points are lower than photogrammetric method [13-14, 22]. 

Furthermore, it is hard to use the self-calibration technique in the single camera system [15-17].  

However, the calibration methods applied in above two kinds of approaches are based on perspective 

geometric interpretation. Thus, those calibration methods are only effective in the camera which shows 

perspective characteristic. The crucial problem in microscope is the variation of the camera models according to 

the variation of magnification in microscope. When the magnification is low, the projection model of microscope 

can be modeled with perspective projection. On the contrary, the projection model is closed to weak perspective 

projection in the high magnification. Therefore, the previous camera calibration methods using perspective 

projection can make erroneous intrinsic and extrinsic parameters in high magnification.  
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1.4 The proposed method 

The purpose of this study is the development of the stable AR system to compensate variable zoom and focus 

of microscope. Instead of the encoder feedback, we suggest the photogrammetric feedback method to estimate the 

parameters absolutely needed to make an AR system. In this system, both camera parameters and hand-eye 

parameters in certain zoom level can be obtained from the proposed photogrammetric feedback method without 

additional calibration. Particularly, it does not require to make a parameter table, thus the initial calibration 

procedure can be simplified. In proposed system, the camera calibration and hand-eye calibration are performed 

in the low magnification to find out initial parameters. After then, if the magnification is changed, we set the small 

calibration board in front of the microscope to extract reference points. The estimation procedure are performed 

in two steps, only few seconds are enough for estimation of the parameters. To evaluate the proposed technique, 

the estimated parameters were used to project virtual ideal points into the real image plane. Then the errors of the 

projected points were analyzed.   
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Ⅱ. MATHODS 
 

 

2.1 The overview of surgical navigation system 

 

In surgical navigation, the real anatomical structure of a patient are presented as a virtual anatomy using 

computer graphics. The shape of the virtual anatomy can be tailored to each patients because the preoperative CT 

or MR images are used to build a virtual structure. Particularly one of the most advantage function of surgical 

navigation is displaying organs of interest. The specific organs, vessels, tissues or region of interest are segmented 

from original medical images then rebuild as a 3D models. We performed those series of tasks using the 3D Slicer 

(Brigham and Women’s Hospital, Boston, USA), the open source software. Take the advantage of segmentation 

and modeling functions, the 3D virtual organs could be obtained from CT images. The surgical tools used in this 

study was built from 3D design software (3DS MAX, Autodesk. USA) then it imported into surgical navigation. 

The position and orientation of those virtual organs and virtual tools should be correspond with position and 

orientation of real organs and surgical tools, thus the real pose of patient or tools are tracked by optical position 

tracker (Polaris Spectra, NDI, Waterloo, Canada) to reflect their pose in virtual space. To track target organs in 

real time, a passive marker should be attached at the surface of target organs.  

 

Figure 2.1 The CT scan of temporal bone. Original image (a), segmentation of temporal bone (b) and 3D model 
of the temporal bone (c).  
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The passive markers have its own local coordinate frame, therefore the pose of target organs are represented by 

pose of passive markers attached its surface. To display a tracking situation on the monitor, the disparity of the 

coordination between real organs and virtual organs should be known. This relationship can be calculated using 

the pair point registration, described in section 2.3.  

The camera calibration is performed in the lowest magnification levels, at the same time, the pose of camera 

and calibration board also stored at database to calculate hand-eye calibration. Same procedure is performed by 

increasing the zoom level to find an accurate calibration region. In this region the proportional rate between focal 

length and translation components of the hand-eye matrix can be found. Thus, the variation of the hand-eye matrix 

can be estimated from the corresponding focal length and the proportional value. During the AR, specially 

designed calibration board is used to estimate a focal length. Several calibration board images are captured in real 

time, thus it does not take much time. The focal length and hand-eye matrix can be estimated by calculate the 

relationship between the image points and projected points, the specific technique is described in section 2.6.3. 

The image points can be obtained from the calibration board images and projected points are created by initial 

parameters. The residual errors can be minimized by using the Levenverg-Marquardt Algorithm (LMA), specially 

designed for our system. The results are evaluated by using the re-projection errors of estimated parameters. The 

re-projection errors are calculated in every zoom levels. 

The calibration, registration and navigation systems are integrated in the developed software that are largely 

separated into three module, which are position-tracking, calibration and visualization modules. The pose data 

built from position-tracking module is transferred to visualization module using OpenIGTLink library (Brigham 

and Women’s Hospital) that is developed based on TCP/IP protocols [19]. Based on this pose information, the 

pose of virtual organs are rearranged in real time in the virtual space. In developed system, surface rendering 

techniques was used to visualize the virtual organs and tools because it is convenient to display segmented organs 

without unnecessary region as well as faster than volume rendering. To render the virtual organs on the screen, 

visualization toolkit (VTK, Kitware Inc., NY, USA) library was used, which is open-source development toolkit 

based on c++ language [18].   
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2.2 The basic AR system using external tracker 

 

There are several techniques to find a relation between real object and corresponding virtual objects to 

implement an AR. Marker tracking technique is one of the well-known technique, which contained in ARToolkit 

(ARToolworks, USA). To use this technique, the AR tags should be within the microscope’s field of view, however 

it is hard to capture both AR tags and target organs using microscope due to its small field of view. Therefore, the 

external optical position tracker, which is unrestricted at view angle of microscope was used for AR in this study. 

The tracker can find a position and orientation (6-DOF) of passive marker which have a four reflective spheres 

designed to reflect an infrared light, thus the pose of patient and tools were tracked by tracking the passive markers 

attached on the surface of it. The pose of patient and tools are represented using 4x4 homogeneous transformation 

matrix. Thus the relation between patient and camera ( 𝑻𝑻𝑃𝑃𝐶𝐶  ) is shown as following equation. 

𝑻𝑻𝑃𝑃𝐶𝐶 = 𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶 𝑻𝑻𝑂𝑂𝐶𝐶𝐶𝐶 𝑻𝑻𝑃𝑃𝐶𝐶

𝑂𝑂 𝑻𝑻𝑃𝑃𝑃𝑃𝐶𝐶       (1) 

In this equation, the matrix 𝑻𝑻𝑂𝑂𝐶𝐶𝐶𝐶  and 𝑻𝑻𝑃𝑃𝐶𝐶
𝑂𝑂  are obtained from optical tracker. The relation between patient marker 

and patient coordinate is marked as 𝑻𝑻𝑃𝑃𝑃𝑃𝐶𝐶 , which is obtained through patient to image registration. To calculate the 

hand-eye matrix 𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶  which is the core element for AR, camera calibration and hand-eye calibration are required.  

  

Figure 2.2 The description of AR system using external tracker. Each relationship is represented as homogeneous 
transformation matrix. 
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2.3 Patient to image registration 

 

 

The patient to image registration is one of the essential part of surgical navigation system as well as AR 

system. The purpose of this registration is to align local coordination frame of patient in real environment with 

the local coordination of his or her medical images displayed on virtual space. The result of the registration is 4x4 

homogeneous transformation matrix, which present the relation between local coordination of patient and 

coordination in virtual space. Particularly, it is important when displaying virtual organs in conjunction with 

surgical tools. Due to the registration matrix, the relation between real patient and surgical tools can be presented 

on the screen using virtual graphical objects.  

To obtain the registration matrix, the paired-point registration (PPR) software [6] was used which support 

automatic points matching and intuitive interface for analyzing the registration errors. To use the PPR software, 

at least four paired points are required. In this study, nine paired points were used. Therefore, the nine artificial 

landmarks were attached to patient before MRI or CT scan to clearly identify the position of markers in the medical 

images. Prior to registration, passive marker was attached on patient skin to make local coordination from optical 

tracker. Based on this local coordinate system, position of each land markers are collected using tracker tool. 

Corresponding position of each markers located in the virtual space also saved using the PPR software, then 

calculate the registration matrix. 

 

 

  

Figure 2.3 Paired point registration method and software. The accuracy of registration can be verified by checking 
a fiducial registration errors (FRE).  
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2.4 Fixed camera calibration 

 

2.4.1 Pin-hole camera model 

The basic camera model used in this study is pin-hole camera model. To this day most of camera even 

if having complex optical system can be described using this pin-hole model, quite simple and classical method. 

In the pin-hole model, the hole called the center of projection, in other word, that is center of camera 𝐶𝐶. The line 

passing through center of projection and perpendicular to the image plane is principle axis, corresponding with 

𝑧𝑧-axis. Focal length 𝑓𝑓 the most important element of intrinsic parameters is distance between center of projection 

and image plane. As shown in Fig.4, one point 𝐗𝐗𝑤𝑤 in the real world can be projected on the image plane as 𝐱𝐱𝑢𝑢 

that the position is based on camera coordination. The projection can be described in following equation.  

𝑥𝑥𝑢𝑢 = 𝑓𝑓 𝑋𝑋
𝑍𝑍

+ 𝑝𝑝𝑥𝑥
𝑦𝑦𝑢𝑢 = 𝑓𝑓 𝑌𝑌

𝑍𝑍
+ 𝑝𝑝𝑦𝑦

     (2) 

In this equation, 𝑝𝑝𝑥𝑥 , 𝑝𝑝𝑦𝑦 is physical position of principle point from bottom left on the image plane. The principle 

point does not always corresponding with center of image plane, so the offset should be considered. The projection 

transform can be described more conveniently in the homogeneous coordinates, by using projection matrix. 

�
𝑥𝑥𝑢𝑢
𝑦𝑦𝑢𝑢
1
� = �

𝑓𝑓 0 𝑝𝑝𝑥𝑥
0 𝑓𝑓 𝑝𝑝𝑦𝑦
0 0 1

� �
1 0 0 0
0 1 0 0
0 0 1 0

� �

𝑋𝑋
𝑌𝑌
𝑍𝑍
1

�    (3) 

Figure 2.4 Pinhole camera model was adapted to describe a real camera system.  
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When projected objects are displayed on the monitor, pixel coordinate is used to present their size. In 

other words, unit conversion is required when the objects are projected on the CCD or CMOS, as millimeter to 

pixels. Thus, unit conversion factors are introduced as 𝑚𝑚𝑥𝑥,𝑚𝑚𝑦𝑦, it means the number of pixels per unit length. 

Thus the above matrix could be converted to following equation. 

�
𝑚𝑚𝑥𝑥 0 0
0 𝑚𝑚𝑦𝑦 0
0 0 1

�   �
𝑥𝑥𝑢𝑢
𝑦𝑦𝑢𝑢
1
�   = �

𝑚𝑚𝑥𝑥 0 0
0 𝑚𝑚𝑦𝑦 0
0 0 1

� �
𝑓𝑓 0 𝑝𝑝𝑥𝑥
0 𝑓𝑓 𝑝𝑝𝑦𝑦
0 0 1

� �
1 0 0 0
0 1 0 0
0 0 1 0

� �

𝑋𝑋
𝑌𝑌
𝑍𝑍
1

�  (4) 

Using this equation, the points can be represented in the pixels coordinate. 

�
𝑥𝑥𝑝𝑝
𝑦𝑦𝑝𝑝
   1
� = �

𝛼𝛼𝑥𝑥 𝛾𝛾 𝑐𝑐𝑥𝑥
0 𝛼𝛼𝑦𝑦 𝑐𝑐𝑦𝑦
0 0 1

� �
1 0 0 0
0 1 0 0
0 0 1 0

� �

𝑋𝑋
𝑌𝑌
𝑍𝑍
1

�    (5) 

The 𝛼𝛼𝑥𝑥 ,𝛼𝛼𝑦𝑦 are focal length in pixel coordinate and 𝛾𝛾 is skew coefficient of image sensor. Currently, vertical 

axis and horizontal axis of most imagers are perpendicular, thus we skipped this parameter. The matrix contained 

𝛼𝛼𝑥𝑥,𝛼𝛼𝑦𝑦 , 𝑐𝑐𝑥𝑥 , 𝑐𝑐𝑦𝑦 parameters are called intrinsic matrix 𝑲𝑲, it represent the camera’s properties.  

𝐱𝐱𝑝𝑝 = 𝑲𝑲[𝑰𝑰|0]𝐗𝐗𝑤𝑤     (6) 

However, the above equation does not consider the relation between camera and real objects. To describe the real 

objects in the image plane correctly, the relation should be considered. 

   

Figure 2.5 The relationship between center of the camera and world coordinate frame 
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The position and orientation of camera also should be included in the camera matrix. The origin of the 

camera coordinate is center of projection, the relation between camera coordinate and world coordinate can be 

represented using transformation matrix.  

𝐱𝐱𝑝𝑝 = 𝑲𝑲�𝑹𝑹|�⃗�𝒕�𝐗𝐗𝑤𝑤      (7) 

Through the equation, we can calculate the position of projected points or vice versa. However in reality, the pixel 

point 𝐱𝐱𝑝𝑝 is distorted due to lens distortion such as radial and tangential distortion. Therefore, the process of 

distortion correction should be included in the camera calibration. Lens distortion model can be presented as 

following equation. 

�
𝑥𝑥𝑢𝑢
𝑦𝑦𝑢𝑢� = (1 + 𝑘𝑘1𝑟𝑟2 + 𝑘𝑘2𝑟𝑟4 + 𝑘𝑘3𝑟𝑟6) �

𝑥𝑥𝑑𝑑
𝑦𝑦𝑑𝑑� + �

2𝑝𝑝1𝑥𝑥𝑑𝑑𝑦𝑦𝑑𝑑 + 𝑝𝑝2(𝑟𝑟2 + 2𝑥𝑥𝑑𝑑2)
𝑝𝑝1(𝑟𝑟2 + 2𝑦𝑦𝑑𝑑2) + 2𝑝𝑝2𝑥𝑥𝑑𝑑𝑦𝑦𝑑𝑑

�  (8) 

The point 𝑥𝑥𝑑𝑑 ,𝑦𝑦𝑑𝑑  is distorted point and undistorted point is represented as 𝑥𝑥𝑢𝑢 ,𝑦𝑦𝑢𝑢 . The above equation, 

(𝑘𝑘1, 𝑘𝑘2, 𝑘𝑘3) are radial distortion coefficients and (𝑝𝑝1 , 𝑝𝑝2) are tangential distortion coefficients. Coefficient 𝑟𝑟 is 

radius of image plane when the image is undistorted. 

 

2.4.2 Camera calibration 

In this study, zhang's method [9] was used to calibrate a microscope. The zhang's method is contained 

in Open Source Computer Vision (OpenCV) Library, thus we could calibrate the microscope more conveniently. 

To calibrate the camera, at least four corresponding points are need, so the chessboard pattern was used. The flat 

chessboard pattern the size of 7x6 was chosen as a calibration object, then taking a several snap-shot in different 

view direction. When taking a photo, we set the tilt angle between chessboard and camera more than 30 degree to 

take a perspective chessboard image. By using cv::findChessboardCorners function in OpenCV, the corner points 

of chessboard can be obtained with easy. The extracted corner points from all images are fed into the calibration 

function, cv::calibrateCamera. After the calibration, intrinsic and distortion parameters can be obtained as well as 

rotation and translation vectors concerning each images.   
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2.4.3 Camera calibration results 

The camera calibration was perform to find an initial intrinsic parameters. In addition, to find an 

effective zoom range for camera calibration, the calibration was performed in every eight zoom levels designated 

in advance. The 50 images are used to calibrate each zoom level, each images are captured in different angle of 

camera. The results are described in Figure 2.6, it shows variation of the focal length according to the image 

number. In low magnification levels, the deviation of the focal length was low, but it was increased when the zoom 

level is increased. Basically, the focal length was increased when the zoom level was increased. However, 

completely erroneous focal length was shown in high magnification, described in Figure 2.6 (b) and the Table 2.1 

shows results of optimized focal length at each zoom level and projection errors to each 50 image group using the 

calibrated intrinsic parameters. The all of re-projection errors did not over than 0.5 pixels that is recommended 

limitation of accurate calibration. However, the re-projection errors did not relate with the stability of the focal 

length.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) 

(b) 

Figure 2.6 The results of zoom-lens camera calibration 
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Table 2.1 The re-projection errors of intrinsic and extrinsic parameters 

Zoom 1 2 3 4 5 6 7 8 

Focal length 
(mm) 20.175 26.718 39.373 64.602 142.886 743.905 127.278 78.520 

Re-projection error  
(pixel) 0.228 0.283 0.347 0.164 0.220 0.370 0.325 0.434 

Re-projection error  
(mm) 0.0159 0.016 0.0156 0.0062 0.007 0.0097 0.007 0.0073 

 

From the level 4, the focal length became unstable. Moreover, it is impossible to find a proper focal 

length in the levels higher than level 5. Therefore, the proper region of zoom levels to make an initial AR 

parameters were decided as level 1 to 3. We set this region, the zoom level 1 to 3, as a reliable region. In this study, 

the initial intrinsic parameters were calculated by using level 1 data. 
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2.5 Hand-eye calibration 

 

2.5.1 The concept of hand-eye calibration 

The hand-eye means the relation between passive marker attached on surface of microscope and the center 

of projection in camera. The AR system is operated by external guidance system using optical position tracker, 

thus the hand-eye matrix is essential component of AR. Furthermore, the matrix also largely influence to accuracy 

of AR system. In this study, we notated a hand-eye matrix as 𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶  which is described in the Figure 2.7 (A). One 

of the solution is finding the 𝑻𝑻𝐵𝐵𝐵𝐵𝐶𝐶  matrix, the relation between calibration board and passive marker, prior to 

calculate 𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶 . Shahidi devised a calibration tool which considering the 𝑻𝑻𝐵𝐵𝐵𝐵𝐶𝐶  in design process [12]. However it 

is inappropriate in the microscope calibration, because the size of board should be changed when the magnification 

of microscope is varying. The most typical method to solve hand-eye matrix is solving AX=XB, the well-known 

techniques were proposed by Tasi and Lens [10]. However, this techniques have some drawback to solve the hand-

eye transformation matrix. When solving the AX=XB, firstly the rotation part is calculated and then, translation 

part can be calculated using the rotation matrix. Thus, the error of rotation matrix affect to translation values. To 

supplement this problem, the robust hand-eye calibration techniques using dual quaternions was proposed [11]. 

In this technique, the rotation and translation parameters can be obtained simultaneously using singular value 

decomposition (SVD), thus the rotation and translation errors does not affect each other. Therefore, we used this 

dual-quaternion technique for hand eye calibration. 

  

(A) (B) 

Figure 2.7 The basic schematic to solve a hand-eye matrix 
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2.5.2 Quaternion 

A single quaternion is composed of two components, the scalar value (s ∈ 𝑅𝑅) and the vector (𝒒𝒒��⃗ ∈ 𝑅𝑅3). 

The components of quaternion were transformed from axis angle, the rotation axis 𝐫𝐫 and rotation angle 𝜃𝜃. 

 𝐪𝐪 = (𝑠𝑠,𝒒𝒒��⃗ ) = �cos 𝜃𝜃
2

, 𝐫𝐫
‖𝐫𝐫‖

sin 𝜃𝜃
2
�     (9) 

The basic arithmetic operation of quaternions are presented below: 

Product 

𝐪𝐪1𝐪𝐪2 = �𝑠𝑠1𝑠𝑠2 − 𝒒𝒒��⃗ 1
𝑇𝑇𝒒𝒒��⃗ 2,  𝑠𝑠1𝒒𝒒��⃗ 2 + 𝑠𝑠2𝒒𝒒��⃗ 1 + (𝒒𝒒��⃗ 1 × 𝒒𝒒��⃗ 2)�  (10) 

Conjugate 

𝐪𝐪� = (𝑠𝑠,−𝒒𝒒��⃗ )     (11) 

Norm 

‖𝐪𝐪‖ = 𝐪𝐪𝐪𝐪�     (12) 

Inverse 

𝐪𝐪−1 = 𝐪𝐪�
‖𝐪𝐪‖

     (13) 

 

 

2.5.3 Dual Quaternion 

A dual quaternion 𝐪𝐪� is consist of two components, real part and dual part. Each component is single 

quaternion, thus dual quaternion have an eight elements. The dual quaternion are defined as : 

𝐪𝐪� = 𝐪𝐪𝑟𝑟 + 𝜀𝜀𝐪𝐪𝑑𝑑        (14) 

The real part 𝐪𝐪𝑟𝑟  representing the rotation and dual part 𝐪𝐪𝑑𝑑 represent the translation. More specifically, 

𝐪𝐪𝑟𝑟 = �cos 𝜃𝜃
2

, sin 𝜃𝜃
2
𝒍𝒍�     (15) 
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𝐪𝐪𝑑𝑑 = 1
2
𝒕𝒕𝐪𝐪𝑟𝑟       (16) 

𝒕𝒕 = �𝟎𝟎, �⃗�𝒕�     (17) 

In the above equation, 𝒍𝒍 is unit vector parallel to rotation axis and the �⃗�𝒕 means translation vector. The quaternion 

𝒕𝒕 is pure translation quaternion. Thus, rotation and translation of object are contained in single dual quaternion. 

The basic operation of dual quaternion is similar with the operation of quaternion.  

Product 

𝐪𝐪�1𝐪𝐪�2 = 𝐪𝐪𝑟𝑟1𝐪𝐪𝑟𝑟2 + 𝜀𝜀(𝐪𝐪𝑟𝑟1𝐪𝐪𝑑𝑑2 + 𝐪𝐪𝑑𝑑1𝐪𝐪𝒓𝒓2)    (18) 

Conjugate 

𝐪𝐪�� = (𝐪𝐪�𝑟𝑟 + 𝜀𝜀𝐪𝐪�𝑑𝑑)     (19) 

Norm 

‖𝐪𝐪�‖ = 𝐪𝐪�𝐪𝐪��     (20) 

Inverse 

𝐪𝐪�−1 = 𝐪𝐪��

‖𝐪𝐪�‖
     (21) 

Unit condition 

‖𝐪𝐪�‖ = 1      (22) 

𝐪𝐪�𝑟𝑟𝜀𝜀𝐪𝐪𝑑𝑑 + 𝜀𝜀𝐪𝐪�𝑑𝑑𝐪𝐪𝑟𝑟 = 0    (23) 

If the dual quaternion is unit dual quaternion, then the norm of it is equal to 1. Thus, inverse of unit dual quaternion 

is equal to its conjugate.  

 

2.5.4 The screw transformation with dual quaternion  

The rigid transformation of object can be modeled using kinematic notion of a screw [21]. When using 

quaternion, this screw transformation is more effective than Euler transformation. The basic geometry of screw 
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transformation is described in Figure 2.8. To describe transformation of object, four parameters are used in the 

screw geometry that are rotation angle 𝜃𝜃, rotation axis 𝒍𝒍 , translation distance 𝑑𝑑 and line moment 𝒎𝒎���⃗ . 

 

 

 

In screw transformation, the components 𝒍𝒍,𝜃𝜃 are same as components of axis angle representation. The 

translation 𝑑𝑑 is easily calculated, 𝑑𝑑 = 𝒍𝒍𝑇𝑇�⃗�𝒕. The vector 𝒄𝒄�⃗ ,𝒎𝒎���⃗  are computed using Rodrigues formula, 

𝒄𝒄�⃗ = 1
2
��⃗�𝒕 − ��⃗�𝒕𝑇𝑇𝒍𝒍�𝒍𝒍 + cot 𝜃𝜃

2
𝒍𝒍 × �⃗�𝒕�     (24) 

𝒎𝒎���⃗ = 𝒄𝒄�⃗ × 𝒍𝒍 = 1
2
��⃗�𝒕 × 𝒍𝒍 + 𝒍𝒍 × ��⃗�𝒕 × 𝒍𝒍�cot 𝜃𝜃

2
�       (25) 

The moment equation is rewritten to differentiate between parameters of axis angle representation and screw 

transformation, which is represented as : 

1
2
��⃗�𝒕 × 𝒒𝒒��⃗ 𝑟𝑟 + 𝑠𝑠𝑟𝑟�⃗�𝒕� = sin 𝜃𝜃

2
𝒎𝒎���⃗ + 𝑑𝑑

2
cos 𝜃𝜃

2
𝒍𝒍      (26) 

Coming back to dual quaternion equation, expend equation (14) by substituting equation (15) and (16).  

𝐪𝐪� = �
cos 𝜃𝜃

2

sin 𝜃𝜃
2
𝒍𝒍
� + 𝜀𝜀 1

2
�

𝑠𝑠𝑡𝑡𝑠𝑠𝑟𝑟 − 𝒒𝒒��⃗ 𝑟𝑟�⃗�𝒕
𝑠𝑠𝑡𝑡𝒒𝒒��⃗ 𝑟𝑟 + 𝑠𝑠𝑞𝑞�⃗�𝒕 + �⃗�𝒕 × 𝒒𝒒��⃗ 𝑟𝑟

�    (27) 

Figure 2.8 The configuration of the screw transformation 
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In Equation (27), dual part can be simplified using equation (26), thus the equation composed of 𝒒𝒒��⃗ 𝑟𝑟 , �⃗�𝒕 be 

changed to the equation using 𝒎𝒎���⃗ , 𝒍𝒍,𝑑𝑑. 

𝐪𝐪� = �
cos 𝜃𝜃

2

sin 𝜃𝜃
2
𝒍𝒍
� + 𝜀𝜀 �

− 𝑑𝑑
2

sin 𝜃𝜃
2

sin 𝜃𝜃
2
𝒎𝒎���⃗ + 𝑑𝑑

2
cos 𝜃𝜃

2
𝒍𝒍
�    (28) 

To simplify the above equation, the dual numbers rule is used. 

𝐪𝐪� = �
cos �𝜃𝜃+𝜀𝜀𝑑𝑑

2
�

sin �𝜃𝜃+𝜀𝜀𝑑𝑑
2
� �𝒍𝒍 + 𝜀𝜀𝒎𝒎���⃗ �

�     (29) 

Thus, rotation and translation of object can be specified using this simple dual quaternion equation. The basic 

equation for hand-eye calibration AX=XB can be rewritten using dual quaternion. The hand-eye matrix X is 

represented as dual quaternion 𝐪𝐪�.  

𝒂𝒂� = 𝐪𝐪�𝒃𝒃�𝐪𝐪��      (30) 

To examine the scalar part of dual quaternion, following equation was used.   

𝑠𝑠(𝐚𝐚) = 1
2
�𝐚𝐚� + 𝐚𝐚��� = 1

2
�𝐪𝐪��̂�𝐛𝐪𝐪�� + 𝐪𝐪���̅̂�𝐛𝐪𝐪�� = 1

2
𝐪𝐪� ��̂�𝐛 + �̅̂�𝐛� 𝐪𝐪�� = 𝐪𝐪�𝐛𝐛𝐪𝐪�� = s(𝐛𝐛)   (31) 

cos �𝜃𝜃𝑎𝑎+𝜀𝜀𝑑𝑑𝑎𝑎
2

� = cos �𝜃𝜃𝑏𝑏+𝜀𝜀𝑑𝑑𝑏𝑏
2

�     (32) 

As shown in the above equation, the scalar part of dual quaternion does not change even if changing the motion. 

The rotation angle 𝜃𝜃 and translation distance 𝑑𝑑 are invariant components, thus the scalar parts of 𝒂𝒂� and 𝒃𝒃� can 

be ignored when performing the hand-eye calibration. The equation (30) can be expended and separated scalar 

part and dual part: 

 𝐚𝐚𝑟𝑟 = 𝐪𝐪𝑟𝑟𝐛𝐛𝑟𝑟𝐪𝐪�𝑟𝑟     (33) 

𝜀𝜀𝐚𝐚𝑑𝑑 = 𝐪𝐪𝑟𝑟𝐛𝐛𝑟𝑟𝜀𝜀𝐪𝐪�𝑑𝑑 + 𝐪𝐪𝑟𝑟𝜀𝜀𝐛𝐛𝑑𝑑𝐪𝐪�𝑟𝑟 + 𝜀𝜀𝐪𝐪𝑑𝑑𝐛𝐛𝑟𝑟𝐪𝐪�𝑟𝑟   (34) 

By multiplying the quaternion 𝐪𝐪𝑟𝑟  on the both sides, the above equation can be modified to simple equation. 

𝐚𝐚𝑟𝑟𝐪𝐪𝑟𝑟 − 𝐪𝐪𝑟𝑟𝐛𝐛𝑟𝑟 = 0      (35) 

(𝜀𝜀𝐚𝐚𝑑𝑑𝐪𝐪𝑟𝑟 − 𝐪𝐪𝑟𝑟𝜀𝜀𝐛𝐛𝑑𝑑) + (𝐚𝐚𝑟𝑟𝜀𝜀𝐪𝐪𝑑𝑑 − 𝜀𝜀𝐪𝐪𝑑𝑑𝐛𝐛𝑟𝑟) = 0    (36) 
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In this equation, the scalar part of the quaternion can be ignored as mentioned earlier equation (32), thus the 

quaternion multiplication can be solved as: 

�𝑠𝑠𝑞𝑞𝐚𝐚�⃗ 𝑟𝑟 − 𝑠𝑠𝑞𝑞�⃗�𝐛𝑟𝑟� + �𝐚𝐚�⃗ 𝑟𝑟 × 𝐪𝐪��⃗ 𝑟𝑟 − 𝐪𝐪��⃗ 𝑟𝑟 × �⃗�𝐛𝑟𝑟� = 0

�𝑠𝑠𝑞𝑞𝜀𝜀𝐚𝐚�⃗ 𝑑𝑑 − 𝑠𝑠𝑞𝑞𝜀𝜀�⃗�𝐛𝑑𝑑� + �𝜀𝜀𝐚𝐚�⃗ 𝑑𝑑 × 𝐪𝐪��⃗ 𝑟𝑟 − 𝐪𝐪��⃗ 𝑟𝑟 × 𝜀𝜀�⃗�𝐛𝑑𝑑� + �𝐚𝐚�⃗ 𝑟𝑟𝜀𝜀𝑠𝑠𝑞𝑞 − �⃗�𝐛𝑟𝑟𝜀𝜀𝑠𝑠𝑞𝑞� + �𝐚𝐚�⃗ 𝑟𝑟 × 𝜀𝜀𝐪𝐪��⃗ 𝑑𝑑 − 𝜀𝜀𝐪𝐪��⃗ 𝑑𝑑 × �⃗�𝐛𝑟𝑟� = 0
  (37) 

We can modify the above equation using matrix, in the shape of 𝐓𝐓𝐓𝐓=0, 

�
𝐚𝐚�⃗ 𝑟𝑟 − �⃗�𝐛𝑟𝑟 �𝐚𝐚�⃗ 𝑟𝑟 + �⃗�𝐛𝑟𝑟�×

03×1 03×3

𝜀𝜀�𝐚𝐚�⃗ 𝑑𝑑 − �⃗�𝐛𝑑𝑑� 𝜀𝜀�𝐚𝐚�⃗ 𝑑𝑑 + �⃗�𝐛𝑑𝑑�×
�𝐚𝐚�⃗ 𝑟𝑟 − �⃗�𝐛𝑟𝑟� �𝐚𝐚�⃗ 𝑟𝑟 + �⃗�𝐛𝑟𝑟�×

� �
𝐪𝐪𝑟𝑟
𝜀𝜀𝐪𝐪𝑑𝑑� = 0  (38) 

The vector 𝐓𝐓 is composed of 8 × 1  components and 𝐓𝐓 is 6n × 8 matrix. The vector 𝐓𝐓 can be solved using 

least square method, thus the multiple coefficient n of matrix 𝐓𝐓 should be larger than 2. Then it is possible to 

compute the SVD of matrix 𝐓𝐓. 

 

2.5.5 Hand-eye calibration results 

The hand-eye calibration was performed in zoom level 1 to 5 because the proper intrinsic parameters 

are only gained in low magnification levels as explained in section 2.4.3. The result of the hand-eye calibration 

was described in Figure 2.9, 2.10. The cumulative numbers, which is x axis in the figure, means the number of 

the data set to compute the hand-eye matrix. The more cumulative number increase, the more stable hand-eye 

matrix was made.  

The rotation angles of x, y and z axis in each zoom levels are shown in the Figure 2.9. In each axis, the 

displacements between maximum value and minimum value are approximately one degree. However, the 

difference between each zoom level did not show regular increase or decrease according to a zoom level. In other 

words, the variation of the magnification levels does not affect to rotation parts of hand-eye matrix. The cause of 

small errors between rotation parts were originated from the tracker errors or camera calibration errors. The 

translation elements (𝑡𝑡𝑐𝑐𝑥𝑥 , 𝑡𝑡𝑐𝑐𝑦𝑦 , 𝑡𝑡𝑐𝑐𝑐𝑐) of hand-eye matrix were represented in the Figure 2.10. The variation of 𝑡𝑡𝑐𝑐𝑥𝑥 

and 𝑡𝑡𝑐𝑐𝑦𝑦 were very small compared with 𝑡𝑡𝑐𝑐𝑐𝑐. It showed irregular variation according to zoom level. In contrast, 

the 𝑡𝑡𝑐𝑐𝑐𝑐 was increased with the zoom level. The increment rate of the 𝑡𝑡𝑐𝑐𝑐𝑐 was almost same as the increment rate 

of focal length. 
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Figure 2.9 The rotation parts of 
the hand-eye matrix. The 
rotation angles of x, y and z axis 
are described from top to 
bottom 

Figure 2.10 The translation 
parts of the hand-eye matrix. 
The translation components of 
x, y and z axis are described 
from top to bottom  
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2.6 Zoom-lens camera system 

 

The purpose of zoom estimation is finding hand-eye matrix and intrinsic parameters in the arbitrary 

magnification level, which are essential components to build an AR environments. In this study, we defined those 

parameters as AR parameters. The developed method is finding the AR parameters in any magnification level 

with photogrammetric feedback instead of encoder feedback. The detailed methods are described in following 

sections. 

 

2.6.1 The characteristics of the zoom lens system 

In the zoom-lens system, the camera model is changed according to the magnification level due to the 

characteristic of zoom-lens. The perspective characteristics are clearly appeared in the low magnification level, 

thus the optical system can be modeled with perspective camera model. However, the perspective characteristics 

disappear in the high magnification level. Instead, affine characteristics are shown in the high magnification level. 

Therefore, this characteristic can be modeled with less perspective or affine camera model. In the affine model, 

the translation component of z-axis cannot be found, which describe a distance between center of camera and 

world coordinate. It is essential part of the AR system, thus the affine camera model cannot be used to calibrate a 

camera.  

 

2.6.2 The relationship between intrinsic and hand-eye matrix in the zoom lens 

The intrinsic parameters and hand-eye matrix are changed when the magnification is changed because 

the movement of camera focus. This concept can be described more clearly by using the camera model. In the 

pin-hole camera model, the variation of zoom and focus can be described with the movement of camera center 

which can be represented as a variation of intrinsic parameters. According to the magnification level, the focal 

length 𝑓𝑓 and principal points 𝑐𝑐𝑥𝑥, 𝑐𝑐𝑦𝑦 are nonlinearly changed. The variation of the intrinsic parameters also lead 

to variation of hand-eye matrix ∆ 𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶 . The relationship between ∆𝑓𝑓 and ∆ 𝑻𝑻𝐶𝐶𝐶𝐶

𝐶𝐶  can be simplified because the 

rotation parts of 𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶  does not change in any magnification level. Thus, only translation components (𝑡𝑡𝑐𝑐𝑥𝑥, 𝑡𝑡𝑐𝑐𝑦𝑦 , 𝑡𝑡𝑐𝑐𝑐𝑐 ) 
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of 𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶  are changed. Particularly, variation of the focal length ∆𝑓𝑓  is higher than the others in intrinsic 

parameters, Thus the variation of z-axis translation components ∆𝑡𝑡𝑐𝑐𝑐𝑐  in hand-eye matrix is higher than 

∆𝑡𝑡𝑐𝑐𝑥𝑥 𝑎𝑎𝑎𝑎𝑑𝑑 ∆𝑡𝑡𝑐𝑐𝑦𝑦. The ∆𝑓𝑓 and ∆𝑡𝑡𝑐𝑐𝑐𝑐 are having the proportionate relationship, described as, 

𝛼𝛼𝑓𝑓 = ∆𝑡𝑡𝑐𝑐𝑐𝑐
∆𝑓𝑓

      (39) 

By using the coefficient 𝛼𝛼𝑓𝑓  and initial AR parameters(𝑓𝑓1 , 𝑻𝑻1𝐶𝐶𝐶𝐶
𝐶𝐶 ) , we can estimate a relationship between 

arbitrary focal length 𝑓𝑓𝑘𝑘 and hand-eye matrix 𝑻𝑻𝑘𝑘𝐶𝐶𝐶𝐶
𝐶𝐶  in certain magnification level,  

    𝑻𝑻𝑘𝑘𝐶𝐶𝐶𝐶
𝐶𝐶 = �𝑹𝑹𝑐𝑐𝑘𝑘 �⃗�𝒕𝑐𝑐𝑘𝑘

0 1
�       

     𝑹𝑹𝑐𝑐𝑘𝑘 = 𝑹𝑹𝑐𝑐1         

𝑡𝑡𝑐𝑐𝑐𝑐 = 𝑡𝑡𝑐𝑐𝑐𝑐1 + (𝑓𝑓𝑘𝑘 − 𝑓𝑓1)𝛼𝛼𝑓𝑓     (40) 

To simplify the relationship, we did not consider the variation of principal points. Those variation are very small 

and it will be compensated with the optimization technique in the next section.    

 

 

  

Figure 2.11 The movement of camera center according to the variation of zoom level 
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2.6.3 Initial parameters for the estimation system 

The perspective model was used for camera calibration in the low magnification level. The first camera 

calibration and hand-eye calibration were performed in lowest zoom level. When the image captured, pose of the 

calibration board 𝑻𝑻𝐵𝐵𝐶𝐶
𝑂𝑂  and camera 𝑻𝑻𝐶𝐶𝐶𝐶

𝑂𝑂  also can be saved at the same time. The pose of camera from the 

calibration board 𝑻𝑻𝐵𝐵𝐶𝐶  is obtained from camera calibration procedure. Thus, the hand-eye matrix can be calculated 

with the several set of those three matrices. To calculate the 𝛼𝛼𝑓𝑓 described in the equation (39), the same procedure 

was performed in another magnification level, one step higher than before.   

 

2.6.4 The focal length estimation method using photogrammetric feedback 

The encoder feedback system was not used to find the magnification level in this system, due to the lack 

of availability in real microscope. Instead of that, we developed the photogrammetric feedback to find out accurate 

AR parameters, which does not require special hardware system and available any zoom-lens system. In common 

with the encoder feedback system, the proposed feedback system is available during the rendering in AR. To 

compensate the variation, the feedback technique was developed.  

When the magnification is changed, we set the calibration board in front of the camera view to use the 

feedback system. Five size patterns for various magnification and passive marker are attached on the calibration 

board, which is described in Figure 2.12.  

Figure 2.12 The calibration board for photogrammetric feedback.  
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In addition, the relationship between the coordinate frame of each chessboard pattern and local coordinate frame 

of passive marker can be calculated using hand-eye calibration or paired point registration technique. In this 

section, we define this relationship as a 𝑻𝑻𝐵𝐵𝑃𝑃𝐶𝐶 . The estimation procedure are explained in below. 

 Firstly, the calibration board images are captured from the camera in real time, then grab the image 

points 𝐱𝐱𝑝𝑝. At the same time, pose of calibration board 𝑻𝑻𝐵𝐵𝐶𝐶
𝑂𝑂  and pose of camera 𝑻𝑻𝐶𝐶𝐶𝐶

𝑂𝑂  are captured using the 

external optical position tracker. By using those matrices and initial AR parameters, the ideal chessboard points 

𝐗𝐗𝑤𝑤 can be projected into image frame of the camera, which can be represented as a 𝐱𝐱𝑝𝑝′ . 

𝐱𝐱𝑝𝑝′ = 𝑲𝑲[𝑰𝑰|0]𝑯𝑯𝐗𝐗𝑤𝑤      (41) 

𝐾𝐾 is an intrinsic matrix in pixel unit, 

𝑲𝑲 = �
𝑚𝑚𝑥𝑥 0 0
0 𝑚𝑚𝑦𝑦 0
0 0 1

� �
𝑓𝑓 0 𝑝𝑝𝑥𝑥
0 𝑓𝑓 𝑝𝑝𝑦𝑦
0 0 1

� = �
𝛼𝛼𝑥𝑥 0 𝑐𝑐𝑥𝑥
0 𝛼𝛼𝑦𝑦 𝑐𝑐𝑦𝑦
0 0 1

� 

In this study, the image coordinate of the principal point 𝑐𝑐𝑥𝑥 , 𝑐𝑐𝑦𝑦 is defined as a center of image frame. The 3D 

points are projected into the 2D plane using the following projective transformation. 

[𝑰𝑰|0] = �
1 0 0 0
0 1 0 0
0 0 1 0

� 

The relationship between center of camera and chessboard frame is can be represented a following equation. 

𝑯𝑯 = �𝑹𝑹ℎ �⃗�𝒕ℎ
0 1

� = 𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶 𝑻𝑻𝑂𝑂𝐶𝐶𝐶𝐶 𝑻𝑻𝐵𝐵𝐶𝐶

𝑂𝑂 𝑻𝑻𝐵𝐵𝐵𝐵𝐶𝐶     (42) 

 

Then, we picked up four corner points from the 𝐱𝐱𝑝𝑝  to calculate an area of chessboard image 𝑄𝑄�𝐱𝐱𝑝𝑝�. Same 

procedure was performed with the projected points 𝐱𝐱𝑝𝑝′  to get the 𝑄𝑄�𝐱𝐱𝒑𝒑′ �. More specifically, the 𝑄𝑄�𝐱𝐱𝑝𝑝� is an area 

of the red quadrangle and 𝑄𝑄�𝐱𝐱𝒑𝒑′ � represent a green quadrangle in Figure 2.13. If the AR parameters are correct, 

the area 𝑄𝑄�𝐱𝐱𝑝𝑝� and 𝑄𝑄�𝐱𝐱𝒑𝒑′ � will be same. However, deviation between two areas is increased when the focal 

length is increased or decreased due to the variation of zoom level. The projected area 𝑄𝑄�𝐱𝐱𝑝𝑝′ � can be changed by 

adjusting the AR parameters.  

 

24 - 

 



 

 

If the solution parameters are found, the 𝑄𝑄�𝐱𝐱𝒑𝒑′ � can fit into the 𝑄𝑄�𝐱𝐱𝒑𝒑�. There are many parameters 

deciding the 𝑄𝑄�𝐱𝐱𝒑𝒑′ � but most of them can be disregarded or simplified due to some constraints. The 𝑡𝑡𝑐𝑐𝑥𝑥 , 𝑡𝑡𝑐𝑐𝑦𝑦 of 

the hand-eye matrix does not influence to the 𝑄𝑄�𝐱𝐱𝑝𝑝′ �, those are only influence to the offset in image frame along 

the 𝑥𝑥 and 𝑦𝑦 axis. The variation of the 𝑡𝑡𝑐𝑐𝑐𝑐 is depend on the variation of focal length, such as Equation (39). 

Moreover, rotation parts of the hand-eye matrix is fixed, the only parameter deciding a 𝑄𝑄�𝐱𝐱𝑝𝑝′ � is focal length 𝑓𝑓. 

To adjust a focal length automatically, we used proportional equation : 

𝑟𝑟𝑘𝑘 = �𝑄𝑄�𝐱𝐱𝑝𝑝� − 𝑄𝑄�𝐱𝐱𝒑𝒑′ �� 𝜅𝜅𝑝𝑝 + 𝑟𝑟𝑘𝑘−1 

𝑓𝑓𝑘𝑘 = 𝑓𝑓𝑘𝑘−1 + 𝑟𝑟𝑘𝑘 

The 𝜅𝜅𝑝𝑝  means a proportional gain, which is an adjustable parameter to control convergence speed. The 

compensation value 𝑟𝑟𝑘𝑘 can be obtained in repetition of 𝑘𝑘 times, it will control the focal length by increasing or 

decreasing. 

  

Figure 2.63 The comparison of quadrangle area for photogrammetric feedback  
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2.6.5 The optimization of the AR parameters 

When the focal length is converged and deviation between two areas is below than specific value, stop 

the focal length estimation process. After than the Levenberg-Marquardt algorithm (LMA) is used for optimal 

solution. The LMA is appropriate to find an optimal solution in non-linear least squares problems, thus it can 

applied in our system to find optimal focal length and hand-eye matrix. In this system, the purpose of the LMA is 

finding optimal focal length and translation components of the hand-eye matrix, which are minimizing the sum 

of the squares of the deviations between 𝐱𝐱𝑝𝑝 and 𝐱𝐱𝑝𝑝′ . Thus, the residual error can be represented as 𝑒𝑒 , 

𝑒𝑒 = �‖𝐱𝐱𝑝𝑝𝑝𝑝 − 𝐱𝐱𝑝𝑝𝑝𝑝′ �𝛃𝛃��⃗ �‖2
𝑚𝑚

𝑝𝑝=1

 

The above equation, parameter vector 𝛃𝛃��⃗  is including focal length 𝑓𝑓 and 𝑡𝑡ℎ𝑥𝑥 , 𝑡𝑡ℎ𝑦𝑦 of the matrix H described in 

equation (42). The 𝑡𝑡ℎ𝑐𝑐 is changed depend on the focal length, thus it was not included in the parameter vector 𝛃𝛃��⃗ .  

𝛃𝛃��⃗ = �𝑓𝑓, 𝑡𝑡ℎ𝑥𝑥, 𝑡𝑡ℎ𝑦𝑦� 

When start the LMA, the initial error was calculated with image points and projected points. The projected points 

are made from initial parameter vectors, which are gained after the focal length estimation procedure. Then we 

have to calculate a vector 𝜹𝜹��⃗  to update a parameter vectors 𝛃𝛃��⃗ . To make the 𝜹𝜹��⃗ , the gradient of 𝐱𝐱𝑝𝑝𝑝𝑝′ �𝛃𝛃��⃗ � is required.  

𝑱𝑱 =
𝜕𝜕𝐱𝐱𝑝𝑝′ �𝛃𝛃��⃗ �

𝜕𝜕𝛃𝛃��⃗
 

𝑱𝑱 is the gradient of 𝐱𝐱𝑝𝑝𝑝𝑝′ �𝛃𝛃��⃗ �, in other world it called jacobian matrix. The jacobian matrix can be expanded in 

𝑥𝑥 and 𝑦𝑦 components as follows :  

𝑱𝑱 =

⎣
⎢
⎢
⎢
⎡
∂𝑥𝑥𝑝𝑝′

∂𝑓𝑓
𝜕𝜕𝑥𝑥𝑝𝑝′

∂𝑡𝑡ℎ𝑥𝑥
𝜕𝜕𝑥𝑥𝑝𝑝′

∂𝑡𝑡ℎ𝑦𝑦
𝜕𝜕𝑦𝑦𝑝𝑝′

𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦𝑝𝑝′

𝜕𝜕𝑡𝑡ℎ𝑥𝑥
𝜕𝜕𝑦𝑦𝑝𝑝′

𝜕𝜕𝑡𝑡ℎ𝑦𝑦⎦
⎥
⎥
⎥
⎤
 

�
𝑥𝑥𝑝𝑝′

𝑦𝑦𝑝𝑝′
� =

⎣
⎢
⎢
⎢
⎡
𝑚𝑚𝑥𝑥𝑓𝑓(𝑟𝑟ℎ11𝑋𝑋𝑤𝑤 + 𝑟𝑟ℎ12𝑌𝑌𝑤𝑤 + 𝑡𝑡ℎ𝑥𝑥)

𝑟𝑟ℎ31𝑋𝑋𝑤𝑤 + 𝑟𝑟ℎ32𝑌𝑌𝑤𝑤 + 𝑡𝑡ℎ𝑐𝑐
+ 𝑐𝑐𝑥𝑥

𝑚𝑚𝑦𝑦𝑓𝑓�𝑟𝑟ℎ21𝑋𝑋𝑤𝑤 + 𝑟𝑟ℎ22𝑌𝑌𝑤𝑤 + 𝑡𝑡ℎ𝑦𝑦�
𝑟𝑟ℎ31𝑋𝑋𝑤𝑤 + 𝑟𝑟ℎ32𝑌𝑌𝑤𝑤 + 𝑡𝑡ℎ𝑐𝑐

+ 𝑐𝑐𝑦𝑦⎦
⎥
⎥
⎥
⎤
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The rotation components (𝑟𝑟ℎ11, 𝑟𝑟ℎ12, 𝑟𝑟ℎ21, 𝑟𝑟ℎ22, 𝑟𝑟ℎ31, 𝑟𝑟ℎ32) and translation components �𝑡𝑡ℎ𝑥𝑥 , 𝑡𝑡ℎ𝑦𝑦, 𝑡𝑡ℎ𝑐𝑐� are part of 

the compound matrix 𝑯𝑯. Therefore, the jacobian matrix can be more simplified as following equation. 

𝑱𝑱 =
1
𝑀𝑀3

�𝑀𝑀1 𝑓𝑓 0
𝑀𝑀2 0 𝑓𝑓� 

Where  
𝑀𝑀1 = 𝑟𝑟ℎ11𝑋𝑋𝑤𝑤 + 𝑟𝑟ℎ12𝑌𝑌𝑤𝑤 + 𝑡𝑡ℎ𝑥𝑥
𝑀𝑀2 = 𝑟𝑟ℎ21𝑋𝑋𝑤𝑤 + 𝑟𝑟ℎ22𝑌𝑌𝑤𝑤 + 𝑡𝑡ℎ𝑦𝑦
𝑀𝑀3 = 𝑟𝑟ℎ31𝑋𝑋𝑤𝑤 + 𝑟𝑟ℎ32𝑌𝑌𝑤𝑤 + 𝑡𝑡ℎ𝑐𝑐

      

The vector 𝛅𝛅 is calculated using the jacobian matrix and deviations of the two points set. 

𝜹𝜹��⃗ = (𝑱𝑱𝑇𝑇𝑱𝑱 + 𝜆𝜆𝑰𝑰)−1𝑱𝑱𝑇𝑇 �𝐱𝐱𝑝𝑝 − 𝐱𝐱𝑝𝑝′ �𝛃𝛃��⃗ �� 

The 𝜆𝜆 is damping factor of the LMA, which is adjusted at each iteration. Due to the damping factor, the reduction 

speed of the residual error can be increased. By adding the 𝜹𝜹��⃗  to the parameters vector 𝛃𝛃��⃗ , the 𝑡𝑡ℎ𝑥𝑥, 𝑡𝑡ℎ𝑦𝑦 and focal 

length 𝑓𝑓 are updated.  

𝜹𝜹��⃗ = �∆𝑓𝑓,∆𝑡𝑡ℎ𝑥𝑥,∆𝑡𝑡ℎ𝑦𝑦 � 

𝑓𝑓 = 𝑓𝑓 + ∆𝑓𝑓 

𝑡𝑡ℎ𝑥𝑥 = 𝑡𝑡ℎ𝑥𝑥 + ∆𝑡𝑡ℎ𝑥𝑥  

𝑡𝑡ℎ𝑦𝑦 = 𝑡𝑡ℎ𝑦𝑦 + ∆𝑡𝑡ℎ𝑦𝑦 

At the same time, the 𝑡𝑡ℎ𝑐𝑐  of matrix H also updated according to the variation of focal length, as following 

equation. The coefficient 𝛼𝛼𝑓𝑓  is obtained from equation initial parameters by using the method described in 

section 2.6.2. 

𝑡𝑡ℎ𝑐𝑐 = 𝑡𝑡ℎ𝑐𝑐 + 𝛼𝛼𝑓𝑓∆𝑓𝑓 

By using the updated parameters and equation (41), the projected points are updated as 𝐱𝐱𝑝𝑝′ �𝛃𝛃��⃗ + 𝜹𝜹��⃗ �  then 

calculating the deviations between two point set. 

�̂�𝑒 = ��𝐱𝐱𝑝𝑝𝑝𝑝 − 𝐱𝐱𝑝𝑝𝑝𝑝′ �𝛃𝛃��⃗ + 𝜹𝜹��⃗ ��
2

𝑚𝑚

𝑝𝑝=1

 

Through the comparison process between two residual error 𝑒𝑒 and �̂�𝑒, the parameter vector 𝛃𝛃��⃗  and damping 

factor 𝜆𝜆 are updated. Those procedure are described in Figure 2.14.  
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When the iteration is finished, the optimal parameters are founded from β, therefore the matrix H is 

reconstructed with updated translation components. The updated focal length is directly obtained from β. However, 

more computations are required to solve a hand-eye parameters from β. The hand-eye matrix can be obtained by 

multiplying the inverse of 𝑻𝑻𝑂𝑂𝐶𝐶𝐶𝐶 𝑻𝑻𝐵𝐵𝐶𝐶
𝑂𝑂 𝑻𝑻𝐵𝐵𝐵𝐵𝐶𝐶  to optimized matrix H.  

𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶 = 𝑯𝑯 ∙ [ 𝑻𝑻𝑂𝑂𝐶𝐶𝐶𝐶 𝑻𝑻𝐵𝐵𝐶𝐶

𝑂𝑂 𝑻𝑻𝐵𝐵𝐵𝐵𝐶𝐶 ]−𝟏𝟏 

𝑻𝑻𝐶𝐶𝐶𝐶
𝐶𝐶 = �𝑹𝑹𝑐𝑐 �⃗�𝒕𝑐𝑐

0 1
� = �𝑹𝑹𝒉𝒉 �⃗�𝒕ℎ

0 1
� 𝑻𝑻𝐶𝐶𝐶𝐶

𝐵𝐵  

 

  

Figure 2.74 LMA algorithm for optimization 
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2.7 The evaluation method for proposed system 

 

2.7.1 Experimental setup for evaluation of proposed system 

To evaluate the proposed method, the micro zoom lens (GMZ85900MCN, Goyo Optical Inc., Japan) 

with the 1.2 mega pixel CCD camera (FL2G-13S2C-C, point grey Inc., Canada) was used, which are represented 

in Figure 2.15 (a). The surgical microscope (OPMI ORL, Zeiss Inc., Germany) was also used which described in 

the Figure 2.15 (b). The magnification levels of both lens were divided into eight levels, then camera calibration 

was performed in every zoom levels to find the range that is an effective for perspective camera model. When the 

zoom level increases, the field of view is decreased. Thus, three size of the chessboard was used for different field 

of view. Each size and related zoom levels are described in Table 2.2. 

 

Table 2.2 Three size of chessboard for photogrammetric feedback system.  

 

  

Chessboard (7x6) Size of single square Zoom level (micro lesn) Zoom level (microscope) 

A 8.20 mm 1,2,3 - 

B 3.63 mm 4,5,6 1,2,3,4 

C 1.90 mm 7,8 5,6,7,8 

Figure 2.85 The zoom lens model for experiments (a) The micro zoom lens with the CCD camera. 
Passive marker is attached on the camera body. (b)The microscope for ear surgery.  

 

(a) (b) 
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2.7.2 Evaluation of the initial parameters 

To calibrate a camera, the 50 images of a calibration board were captured in each magnification levels. 

The focal length was computed on each image, then the variation of the focal length was compared. The hand-eye 

calibration was performed only low magnification levels which are located in the perspective region. It is 

impossible to perform the hand-eye calibration in high magnification level due to the erroneous results of the 

camera calibration. The hand-eye calibration was performed by increasing the number of parameter set until 50 

to evaluate its stability.  

To evaluate accuracy of camera calibration and hand-eye calibration, the re-projection errors were 

calculated. Both intrinsic parameters and hand-eye matrix are used to project virtual points into image plane, as 

well as pose matrices. Thus the re-projection errors contain the calibration errors and tracker errors. Increase or 

decrease of the re-projection errors according to zoom level is due to the errors of AR parameters. Because the 

tracker errors are almost constant. 

 

2.7.3 Evaluation of feedback system and estimated AR parameters 

To evaluate the developed photogrammetric feedback system, the re-projection tests were performed. 

For the tests, the AR parameters and target points were obtained in each zoom level. In each zoom level, the target 

points were obtained from 50 chessboard images that were captured in different view direction. At the same time, 

the two types of AR parameters were also obtained in each zoom level. The one is the AR parameters gained from 

step 1, without optimization process. The other type is gained from step 2, containing the setp1 and optimization 

process. Then, re-projection points were made of the estimated AR parameters and tracking data. Therefore, the 

re-projection errors were calculated by root mean square of the deviation between real points in chessboard and 

projected points. In the experiments, the re-projection errors means the accuracy of the estimated AR parameters.  
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2.8 Rendering system 

 

2.8.1 The configuration of real and virtual space 

In the proposed rendering system, the virtual organs and tools are superimposed on the real scene that 

is captured from real camera. In AR system, the image of real scene projected on the monitor is exist in the 3D 

virtual space. The image of real camera is mapped on the virtual plane object in every frame, which called virtual 

screen. The virtual space including virtual objects and virtual screen is appeared on the monitor through the sight 

of virtual camera. In the proposed system, the virtual objects are always located in front of virtual screen, thus it 

seems that the virtual organs are superimposed of real organs. In order to build an AR scene, the properties of 

virtual camera should be identical with real camera. Using a focal length (𝑓𝑓) and height of CCD (ℎ𝐶𝐶𝐶𝐶𝐶𝐶), the field 

of view of virtual camera can be calculated. We defined a vertical field of view as 𝜃𝜃𝑣𝑣,   

𝜃𝜃𝑣𝑣 = 2 ∙ 𝑡𝑡𝑎𝑎𝑎𝑎−1 �ℎ𝐶𝐶𝐶𝐶𝐶𝐶
2𝑓𝑓

�       

In the virtual space, the position and orientation of virtual objects are fixed from virtual world 

coordination. Indeed, pose of camera and virtual screen, the scale of virtual screen are changed in real time 

according to the motion of patient or real camera. Thus, the relation between virtual camera, virtual organs and 

virtual screen are reflected from real relationship that gained from optical position tracker.  

  

Figure 2.96 The configuration of AR components in the virtual space 
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The relation between real camera and patient is represented 𝑻𝑻𝑃𝑃𝐶𝐶  matrix, described in equation (1). In 

the virtual space, the pose of virtual camera is same as this 𝑻𝑻𝑃𝑃𝐶𝐶  matrix. In addition, the pose of virtual screen also 

can be used using the camera parameters. A focal point of virtual camera is a center of virtual screen, which is 

described as : 

𝑻𝑻𝑃𝑃𝐶𝐶 ⋅ �

𝑐𝑐𝑥𝑥
𝑐𝑐𝑦𝑦
𝑓𝑓𝑙𝑙
1

� = �

𝑡𝑡𝑠𝑠𝑥𝑥
𝑡𝑡𝑠𝑠𝑦𝑦
𝑡𝑡𝑠𝑠𝑐𝑐
1

� 

In the above equation, the 𝑐𝑐𝑥𝑥 , 𝑐𝑐𝑥𝑥, 𝑓𝑓  are intrinsic parameters of camera and the focal point of virtual camera 

𝑡𝑡𝑠𝑠𝑥𝑥, 𝑡𝑡𝑠𝑠𝑦𝑦 , 𝑡𝑡𝑠𝑠𝑐𝑐 represent the position of virtual screen. On the monitor, this virtual screen act as background images 

should always be maintained its scale. In proposed system, the scale of virtual screen is changed depending on 

field of view. 

  

2.8.2 The graphic display of AR system 

In the proposed system, the virtual organs and tools are displayed on the monitor using surface rendering. 

Only the superficial of virtual geometries are visualized disregarding their inner structure, thus it is less 

cumbersome than volume rendering. Most of virtual organs or tools are displayed being translucent in the surgical 

navigation to prevent virtual organs from blocking shape of real organs. There is a simple member function to 

control opacity in VTK library, however it is incorrect to render multiple translucent geometry when they are 

overlapped together, in other words, it is hard to recognize front and back between virtual geometries.  

Figure 2.17 Depth peeling technique for displaying correct relationship between translucent objects  
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In conventional rendering technique, the overlapped geometries are displayed on the screen using pixel 

blending operation. Thus color of pixels are blend together in order of loaded to memory, which can cause 

incorrect depth visualization. To overcome this problem, depth sorting technique was used. In this system, depth 

peeling technique was used [20], which supported by graphics card (NVidia only). This technique require some 

computational time, but it give a correct depth information.  

Furthermore, Digital Imaging and Communications in Medicine (DICOM) files were used to visualize 

CT or MR images in the AR environment as an image plane. The series of DICOM files are loaded into memory, 

then build a single volume object by interpolating each data. To make an image plane, this volume was sliced into 

regular interval along to the x, y and z axis. Therefore, it is possible to present three image plane perpendicular 

each other in the AR, which can be moved along the each axis. The intensity of the image plane can be adjusted 

to show the region of interest more clearly by controlling threshold values. Therefore, this image plane not only 

useful to observe the region of interest but also effective to look over wide scope. In another case, the image plane 

can be used to give a depth cues in the AR.   

  

Figure 2.108 The visualization techniques for depth perception 
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2.9 Software system 

 

The software for surgical navigation was developed using C++ language, operated in the windows platform. 

This navigation system is divided into two programs, the tracker program and rendering program.  

The tracker program consists of three module, the module for external tracking system, camera calibration 

module and communication module. The pose information gained from the optical tracker transferred to tracker 

module using RS-232 communication protocols, the baud rate of communication was fixed to 115200. In this 

system, the pose of surgical tools, patient and camera are represented by 4x4 transformation matrix and those are 

updated in real time. When the transformation matrix is updated, it is transferred to rendering program, which are 

performed in the communication module. The communication between tracker program and rendering program 

is conducted with TCP/IP protocols. To make more stable and easy communication, the OpenIGTLink library [19] 

was used. The calibration module was developed for camera calibration and hand-eye calibration. One of the 

function of this module is capturing the image from the camera that is attached on the microscope. The image 

pixels captured from camera are copied to memory as an image matrix. The OpenCV library was used to handle 

the image matrix, furthermore, corner detection, calibration and re-projection are processed using the functions 

of this library. When finished the calibration, the intrinsic matrix, distortion vector and hand-eye matrix are saved 

as a text file. The calibration process is heavy, thus this module can interrupt other process such as tracking and 

communication. To block the interruption, the independent work thread was used for the calibration module. 

  
Figure 2.119 Configuration of the software module  
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The rendering program is consist of three module, the graphic rendering module, communication module 

and zoom estimation module. Each module is working in the separated thread to prevent interruption each other. 

The 3D files which have stl or vtk file format can be loaded into graphic rendering module, the vertices and faces 

contained in the files are used to build virtual 3D objects. Each objects are stored in the sequence container with 

the unique id. By checking the id, it is possible to access the 3D objects for manipulation. In the rendering program, 

the communication module act as a server. Therefore, the server socket should be open to enable the tracker 

program to access this communication module. The received pose information is used to determine the size and 

pose of the virtual screen, as well as the pose of virtual camera.  

In this software system, the armadillo library (NICTA, Australia) was used for the matrix representation 

and algebraic operation. The library support the multi-threaded processing automatically, thus the processing 

time could be reduced.    
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Ⅲ. Results and discussion 

 

3.1 The evaluation of the initial parameters 

3.1.1 The vision area of the camera 

Prior to the calibration experiments, we measured vision area of zoom lens to find the relation between 

image pixel and mm scale. To measure correct vision area, the zoom lens camera was fixed on the stage 

perpendicular to the grid pattern. The grid images were captured in order of the zoom level such as Figure 3.1. 

Understandably, the field of view is narrowed when the magnification is increased. The size of single square is 

1mm and image size is 1280×960 pixel, thus the pixel/mm or mm/pixel ratio can be found through the vision area. 

 

 

The vision area of microscope was also measured in the same manner. The following table shows the scale ratio 

of the micro zoom lens and surgical microscope.  

Table 3.1 The scale ratio in each zoom level 

  

zoom level 1 2 3 4 5 6 7 8 
Micro lens 
(mm/pixel) 0.0697 0.0566 0.0449 0.0380 0.0317 0.0261 0.0216 0.0168 

Microscope 
(mm/pixel) 0.0350  0.0293  0.0248  0.0212  0.0183  0.0167  0.0148 0.0134 

Figure 3.1 The grid images according to zoom level 
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3.1.2 The re-projection errors of conventional method 

The re-projection errors were calculated using the intrinsic matrices and hand-eye matrices that are 

obtained from section 2.4 and 2.5. In each zoom level, 20 images are used as a re-projection target that were 

captured for camera calibration. The re-projection errors were calculated in five zoom level in the micro zoom 

lens because the hand-eye calibration was impossible in the larger than zoom level five. In the surgical microscope, 

only first two levels were possible for re-projection. The errors were represented as an mm scale at each zoom 

level in Table 3.2. When the zoom level was increased, the re-projection errors were increase. To show the errors 

more intuitively, every re-projection errors at each point were presented In the Figure 3.2, those are described in 

different colors according to its zoom level. The level 1 and 2 are appropriate region for deciding the initial AR 

parameters. In this study, initial intrinsic parameters and hand-eye matrix are gained in level 1. In the micro zoom 

lens, the proportional coefficient 𝛼𝛼𝑓𝑓 was calculated with the parameters gained from level 1 and 2, it was 7.602. 

Similarly, the zoom level 1 and 1.5 were used to calculate the proportional coefficient in the microscope that the 

𝛼𝛼𝑓𝑓 was 2.358. 

 

Table 3.2 The re-projection errors of conventional method 

 

  

Zoom level 1 2 3 4 5 
Micro zoom lens 

(mm) 0.946 0.848 1.157 1.243 2.902 

Microscope 
(mm) 0.968 1.618 - - - 

Figure 3.2 Visualization of the re-projection errors. Every re-projection errors are visualized according to the 
zoom level. (a) The re-projection errors of micro zoom lens, (b) the re-projection errors of surgical microscope. 

(a) (b) 
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3.2 The results of the estimated AR parameters 

 

The estimated AR parameters in different zoom levels are presented in the Figure 3.3. Through the proposed 

system, the focal length and hand-eye parameters were obtained. Particularly it is possible to obtain the AR 

parameters in less perspective region, such as level 5, 6, 7 and 8 without any problem. To evaluate the accuracy 

of estimated parameters, the re-projection errors were calculated.  

 

 

Figure 3.3 The estimated AR parameters gained from the proposed method. The focal length 𝒇𝒇 and translation 
components of hand-eye matrix 𝒕𝒕𝒄𝒄𝒄𝒄, 𝒕𝒕𝒄𝒄𝒄𝒄, 𝒕𝒕𝒄𝒄𝒄𝒄 are presented from the top to the bottom.  
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The re-projection errors are presented in Table 3.3 according to type of zoom lens. The results of micro zoom 

lens system showed low errors, all of re-projection errors were lower than 1mm. Furthermore, accuracy of AR in 

the surgical microscope was higher than micro zoom lens. Even though the optimization was performed in the 

parameter optimization, the residual errors are exist. The cause of those errors came from optical tracker’s errors. 

The every residual errors between two points set 𝐱𝐱𝑝𝑝𝑝𝑝 and 𝐱𝐱𝑝𝑝𝑝𝑝′  are presented in the Figure 3.4 using the cross.  

 

Table 3.3 The re-projection errors of proposed method according to zoom level 

 

The amount of times for estimating the parameters are measured by the timer function of VTK library. The 

average consumption time for estimating the AR parameters in arbitrary zoom level is about 5 seconds. If the 

target zoom level is closed to the current zoom level, it does not consume the much time. On the contrary, when 

the gap between current zoom level and target zoom level was far, the consumption time was increased. In the 

experiment, average 2.5 seconds were required to estimation when the gap between current zoom level and target 

zoom level is one step. When the gap was eight step, the consumption time was 13 seconds.   

zoom 1 2 3 4 5 6 7 8 

Micro zoom lens 
Error (mm) 0.846 0.895 0.610 0.743 0.751 0.658 0.797 0.738 

Microscope 
Error (mm) 0.245 0.157 0.218 0.296 0.248 0.261 0.214 0.239 

Figure3.4 The re-projection errors of AR parameters estimated from proposed method. (a) The results of micro 
zoom lens, (b) the results of surgical microscope. 

(a) (b) 
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3.3 The phantom study 

 

To test the developed AR system, the phantom experiment was performed. The target region of the AR in the 

phantom is external auditory meatus, a hollow in the temporal bone. A peace of the bone was segmented from CT 

images of the phantom. The TRE of the registration between real phantom and its virtual model was 1.103 mm. 

The overlay using the initial AR parameters is shown in the Figure 3.5 (b). The overly accuracy of the initial zoom 

level was less than 1mm, similar to the re-projection error. When the magnification was increased as level 8, 

discordance between virtual bone and real bone was appeared such as Figure 3.5 (c). After perform the proposed 

photogrammetric feedback, the virtual bone was fit into the real bone, described in the Figure 3.5 (d). The overlay 

accuracy in this zoom level also was approximately less than 1mm.  

  

Figure 3.5 The phantom study for AR. (a) the external auditory meatus is presented in the lateral view of skull,  
(b) AR in the first level of zoom, (c) discordance between magnification and AR parameters when changing the 
zoom level without parameter compensation, (d) The result of the photogrammetric feedback.    
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Ⅴ. Conclusions 

 

 

 The accuracy of AR is dependent upon the accuracy of camera parameters, thus it is important to 

estimate accurate camera parameters. Many kinds of camera parameter estimation methods were developed, but 

those methods were not work properly in the high magnification due to the variation of projection model. In the 

microscope, when the magnification was increased, the projection model was changed from perspective to less 

perspective or affine model. Therefore, we focused on the improvement of the stability when estimating the 

camera parameters in the variable magnification.  

In this study, we proposed the photogrammetric feedback method to supplement variable AR parameters. 

This method was estimating the AR parameters by using the calibration board in real time during the surgery. The 

most important factor of the proposed method was the relationship between variation of focal length and hand-

eye matrix according to zoom level. From this relationship, we could find out AR parameters. The estimation 

procedure was divided into two part, the photogrammetric feedback method for initial AR parameters and 

parameter optimization method. In the proposed method, initial setup was one of the important factors to estimate 

accurate parameters. The initial parameters were calculated with the conventional camera calibration and hand-

eye calibration method, those were effective in the low zoom level. The performance of the proposed method was 

evaluated using the re-projection tests. The tests were performed in the eight zoom levels, then the re-projection 

results were compared with the conventional method.  

The results showed the accuracy and stability of the proposed method. It showed high accuracy as well 

as did not affect from the variation of zoom level. Contrary to the conventional calibration methods, the proposed 

method was stable in the high magnification. Other advantages of the proposed method are simplicity and 

adaptability. The proposed method can be applied in any kinds of zoom lens as well as microscope. Particularly 

it does not use encoder or parameter tables, thus the AR system can be simplified.   
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요 약 문 

현미경에서의 증강현실 구현을 위한 줌-렌즈 캘리브레이션 

 

수술용 증강현실 시스템은, 가상의 장기를 환자의 실제 장기에 겹쳐서 표시할 수 

있게 해 준다. 그러므로 증강현실 시스템을 이용하면 체내에 있는 장기들의 위치를 직관적으로 

파악할 수 있을 뿐만 아니라 목표로 하는 장기를 주변 장기들과 뚜렷하게 구별할 수 있다. 

증강현실은 이비인후과 수술에도 많이 사용되며 다수의 수술에서 주로 현미경을 사용하므로, 

현미경을 통해 증강현실을 구현할 수 있는 방법을 알아보았다. 특히 현미경에서는 배율에 따라 

렌즈의 파라미터가 변화하므로 증강현실을 구현하기 위해서는 각각의 배율에 해당하는 렌즈의 

파라미터를 예측할 수 있어야 한다. 현미경 렌즈의 파라미터를 알아내기 위해 현재까지 많은 

캘리브레이션 방법이 개발되어 왔으나, 대부분의 캘리브레이션 방법은 원근 투영변환을 

기반으로 한 파라미터 계산법을 사용한다. 하지만 현미경 등에서 사용되는 고 배율 

줌렌즈에서는 배율이 커질수록 원근감이 없어지며, 직교투영 효과가 뚜렷하게 나타난다. 

이러한 고 배율에서 기존의 캘리브레이션 방법을 사용하게 되면 카메라 캘리브레이션이 

불가능하거나 많은 오차가 발생하게 된다. 따라서 우리는 현미경의 투영모델 변화에 영향을 

받지 않는 파라미터 예측 알고리즘을 개발하였다. 우리는 먼저 배율의 변화에 따른 

파라미터들의 상호 변환관계를 찾아내었으며 이를 기반으로 한 피드백 방식의 파라미터 

예측기법을 개발하였다. 현미경의 배율이 바뀔 경우 체스보드를 현미경 앞에 두고, 현미경을 

통해 얻어지는 체스보드의 실제 면적과, 파라미터 추정 알고리즘을 통해 얻어진 가상의 

체스보드의 면적을 비교하여 추정된 파라미터의 오차를 좁혀 나갔으며 그 후 최적화 기법을 

이용하여 추정된 모든 파라미터들의 정확도를 향상시켰다. 우리는 실험을 통하여 제안한 

기법의 정확도와 안정성을 평가하였다. 실험에서, 현미경의 배율을 8단계로 나누어 각각의 

배율에 따른 정확도를 평가하였으며, 모든 배율에 대해서 1mm 미만의 오차를 보여주었다. 

기존의 방법들과 비교하였을 때 평균 이상의 높은 정확도를 보여주었으며 안정성 또한 

뛰어났다. 특히 우리가 제안한 방법은 현미경의 엔코더를 이용하지 않으므로 어떠한 형태의 

현미경에서도 사용이 가능하며, 파라미터 테이블 등을 만들 필요가 없어서 사용하기도 

간편하다.  

 

 

핵심어: 현미경, 캘리브레이션, 증강현실, 수술 내비게이션 
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